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@ PN-COUNTING OF THE SPIN-DEPENDENT EFFECTS



THE SPIN OF A ROTATING BODY

@ The spin of a rotating body is of the order

S ~ mRvgin,

where m and R denote the mass and typical size of the body, respectively,
and vgpin represents the velocity of the body's surface.

@ We are interested in compact bodies, so

RNGm

Vet
—— andthen S~ Gm>—=2o.
c? c?




NOMENCLATURE ON PN SPIN-DEPENDENT EFFECTS

Formal counting: PN orders are counted in terms of 1/c originally present in the
Einstein equations, i.e. the spin variables do not contribute to counting of 1/c.

Then, e.g., spin-orbit effects in EOM start as follows:

1PN + 2PN + - --.

Gm?

Maximally rotating bodies: vgpin ~ ¢ =S ~ —— = O(cfl).
c

Spin-orbit (i.e. linear in S) effects in EOM:
1.5PN + 25PN + .. -;
spin-spin effects in EOM:

2PN + 3PN + - --.
Gm? vep;
Slowly rotating bodies: vgpin K ¢ = S ~ w
G
Spin-orbit (i.e. linear in S) effects in EOM:
2PN + 3PN &+ ---;

spin-spin effects in EOM:
3PN + 4PN + - --.

= O(c?).




‘WORDS ARE BETTER THAN NUMBERS

@ Just words, no 1/c counting:
leading-order (LO)

+ next-to-leading-order (NLO)
-+ next-to-next-to-leading-order (NNLO) + - - -.




© CENERAL REMARKS AND SUMMARY



GENERAL REMARKS AND SUMMARY

Generalized ADM formalism for spinning objects is described in Section 7 of 2018
Schéfer/Jaranowski Living Reviews in Relativity article and will not be discussed
here.

We present a novel Hamiltonian formulation of the spin-orbit interaction of two
spinning compact bodies, valid to linear order in the spins of the bodies (and to
any PN order in the orbital part of the interaction).

It allows one to derive spin-orbit contribution to the orbital equations of motion
without having to solve Einstein’s field equations with a spin-dependent
energy-momentum tensor. One does not use Tulczyjew's pole-dipole
energy-momentum tensor. One does not use the Papapetrou translational
equations of motion as well.

Devised and used by Damour, Jaranowski & Schifer (2008)

to compute leading-order and next-to-leading-order two-body spin-orbit
Hamiltonians. Then extended by Steinhoff, Hergt & Schifer (2008)

to compute next-to-leading-order spin(1)-spin(2) Hamiltonian.




© 3-DiMENsIONAL EUCLIDEAN SPIN VECTOR IN CURVED SPACETIME AND
ITS ANGULAR VELOCITY



3-DIMENSIONAL EUCLIDEAN SPIN VECTOR (1/2)

@ The translational and rotational equations of motion of a spinning particle

in curved spacetime, to linear order in the spin, read:

Du, 1e*Brr

"G =2 yog R
DS,

—£ —o.

dr

Here u* is normalized 4-velocity of the spinning particle,
_pdx#
C S 9

dr
7 denotes the proper time parameter along the world line x*(7),
m and S* is mass and 4-dimensional spin vector of the spinning particle,
D is the 4-dimensional covariant derivative,
R¥ ,,xp the Riemann curvature tensor, g := det(gu),

€*BXP is the completely antisymmetric (flat-spacetime) Levi-Civita symbol
with €0123 = 1.

ut =

ubu, = -1,

@ We shall not need to consider the translational equations of motion.




3-DIMENSIONAL EUCLIDEAN SPIN VECTOR (2/2)

@ The 4-dimensional length of $* is preserved along the world line:

DS 2
5 P—0 — g"§5,5 =5% s?=const.
-

@ Making use of covariant spin supplementary condition
St =0 — S5 =-5 (vi — c’ldxi/dt),
one gets _ N
g’“’SHSU = GUS,‘Sj = 52,
where G¥ is a positive-definite symmetric matrix:
GI .= gU — gOivj — gojvf + goovivj.
@ The positive-definite symmetric matrix G¥
admits a unique positive-definite symmetric square root,
say HY = H/, such that
G = H*HM.
@ One defines a constant-in-magnitude 3-dimensional Euclidean spin vector S; = S’

as

Sii=HI3;, S5 =5




SPIN PRECESSION EQUATION

@ Evolution equation for the spin vector S;:

ds; 7 c dH* , . :
=Vis, Vi.=_—(H YN 4 HkVK(H=1)I
w=Vis S (H) (H™)
Vi = C<rji0 N R Fofkvjvk).
@ The matrix V¥ is antisymmetric, Vi = —VJi so one can introduce

the 3-dimensional Euclidean pseudo-vector
of the angular velocity of rotation of the spin,

1 . - 5
Q,’ = —58,'J'k VJk (SO Vi = —€Uka).

@ One gets a Newtonian looking spin precession equation:

ds
— =0 xS
dt




Q DERIVING THE SPIN-ORBIT HAMILTONIAN FROM THE ANGULAR
VELOCITY OF THE SPIN 3-VECTOR



SPIN-ORBIT HAMILTONIAN

Variables in phase space of 2 interacting spinning particles:
xa=(x}), Pa=(pai)y Sa=(S) (a=12, i=123).
The Poisson brackets relations:
{X;, Py} = 5ab5je {Sai; Sbj} = 0ap€ijkSak, zero otherwise.
One looks for a Hamiltonian of the general form:
H(xa,P,,55) = Ho(Xa,P,) + Hso(Xa, P, Sa),
H, is the orbital part and Hso is the spin-orbit part of H.

One can always write Hgo in the general form

HSO(Xa7pa7 Sa) = ZQE(X/:Hpb) - Sa,
a

Q, = (Qf) depends on the orbital degrees of freedom (x,,p,),
but does not depend on the spins S,.

Such introduced €2, is not only a notation for the coefficient of S, in Hso,
but it is equal to the angular velocity with which the spin vector S, precesses.
To show this it is enough to compute dS,/dt,

dS,
dt

= {337 Hso(xb7 Pp Sb)} = Qa(xbvpb) X S,.




THE ARBITRARINESS IN THE DEFINITION OF THE CONSERVED SPIN:

A “GAUGE SYMME [UNDER A LocAaL SO(3) Grour] (1/2)

The condition S;S; = s? is unchanged, if
S — 5,’7 with Sl/ = R,'ij,
where R is an arbitrary 3-dimensional Euclidean rotation matrix.

An infinitesimal rotation,
Ry = o5 — 0jj,

where 0;; is a small antisymmetric matrix, leads to

1
(5SESI—S:9XS, 9,‘5 580’;(91'/(.

An infinitesimal canonical transformation g in the phase space (x,p,S)
acts on any phase-space function f according to

of ={f,g}.
A canonical transformation of the form
g(x,p,8) :=0(x,p) - S
transforms the spin vector according to
0S={S,g} =6 x8§,

which reproduces the effect of an infinitesimal local rotation.




THE ARBITRARINESS IN THE DEFINITION OF THE CONSERVED SPIN:

A “GAUGE SYMMETRY” [UNDER A LocAL SO(3) Group] (2/2)

@ The canonical transformation g also acts on the orbital degrees of freedom (x, p):
x—x =x+0x=x+ {x,g},
p—p =p+ip=p+{pg}

@ Dynamics of the system in new variables (x/,p’,S’) is equivalent to original
dynamics, but with the Hamiltonian

H (x',p',8") := H(x(x',p’,8),p(x",p,5"),8(x', ", 8")).
@ The corresponding change of the spin angular velocity:
de

Q- =0+ —.
Jrdt




© DERIVATION OF THE SPIN-ORBIT HAMILTONIANS IN THE ADMTT
COORDINATES



COMPUTATION OF PRECESSION ANGULAR VELOCITIES (1/2)

@ One splits the 4-dimensional metric gy, into 3-dimensional objects (o, i, Vi),
o= (—g")7"Y2  Bii=goi, =g
and one employs the ADMTT coordinate conditions
1 \* ) o
@ After PN expansion of all quantities the angular velocity is decomposed as
Qf = QL) + Qlyy + O(c™°),
where
Q;(z) x G/c? (LO contribution),
92(4) x G/c* 4+ G?/c* (NLO contribution).




COMPUTATION OF PRECESSION ANGULAR VELOC

@ The LO and NLO angular velocities:
i 4 1 K
o) /e = e Reza{ By i + (o205 = 5 %)) %
I 1 1 1 K
La(a)/ € = 5 Eik ““%‘a{ﬂ(s»)j,k TAEK2). ~ 52@PENK T 5@ P2).5%0)
. K ] K ok
= 3P0 T ke @) T 2@)%@).)%0) F R )Y )

J
1% k1 1 K
v + (0@ — 390 % |-

d i
— S O@kD) A
@ Computation relies on:
(i) insertion of the explicit form of the 2PN-accurate metric describing
; ; ~ ij TT
two spinless particles (one needs to know b)) a4y T3y h(4)l.j,
@), @) By Beyi)-
(ii) expressing the velocities v} in terms of the canonical variables,
(iii) Hadamard'’s “partie finie" regularization of the self-interaction terms.




THE RESULT: LO AND NLO SPIN-ORBIT HAMILTONIANS

The LO and NLO angular velocities in terms of x, and p,:

G 3my
)= 2z (2m1 i AL = B "2)'

G2 11 m3 15
Q4) = 73 (* *m2*5*)n12 ><p1+(6m1+*m2>n12 X pp
A3y 2 my 2

G {( 5myp3  3(p1 - P2) . 3p3 3(n1p - p1)(n1p - p)  3(n1p - pp)?

R
4 r%z 8m:1" 4m§ 4my my 4m%

(p1 - p2) | 3(n12 - p1)(m2 - p2) 3(n1p -p1)  2(ngp pp)
+ + np X P2 (— 5 — PL X P2 (-
mymy my my 4m?2 mymy

)"12 X P1
2my mp

The spin-orbit Hamiltonians to LO and NLO orders:

1 1 _
Hso(xa7pa: Sa) = g Hin)O(Xa,Pa, Sa) + F Hé\(I)LO(Xa,Paa Sa) + O(C 6),

1
? HSL(‘)O(Xavp‘w Sa) = Z 98(2)(Xb7 pb) - 8a,
a

1
? HEDLO(XE"?pa’ Sa) = Z 92(4)(Xb7 pb) . Sa'

The translational equations of motion of two spinning particles:

— 6H(xb7pbvsb) _ _BH(vaplnsb)

op, a O0xa

Xa




@ POINCARE INVARIANCE OF THE SPIN-ORBIT HAMILTONIANS



POINCARE ALGEBRA

One should prove the existence of ten phase-space generators
H(xa,P4,82), Pi(Xa; P4, 82), Ji(Xa,P4,8a), Gi(Xa, P Sa),
whose Poisson brackets reproduce the Poincaré algebra:
{Pi,Pj} =0, {P;,H}=0, {J,H}=0,
{Jis Pi} = ei P, {Jis Jj} = eijic i
{Ji, G} = giji Gk,
{Gi, H}= Pj,

1 -
G, Bli= 2 Hdj,

1
{Gi, Gj}= — 2 Ciik J.




POINCARE ALGEBRA GENERATORS

@ The translation P; and rotation J; generators are realized as

Pi(xa» Py Sa) = Z Pai s Ji(xa» Py Sa) = Z (€ikl X: Pat¢ + Sai)-
a

a

The Hamiltonian H(xa,p,,S2) = Ho(xa,p,) + Hso(Xa,p,,Sa), where
Ho(xa, ) = (ms + ma)c? + HY (xa,24) + 5 HEPN (xa, )
+ 5 HEPN (x0,,) + O(c)
o2, 82) = 5 HEO (x0,D5,80) + =5 MO (x0,D5,50) + O(c ™),
@ The center-of-mass vector G(xa,p,,Sa) = Go(Xa,P,) + Gso(Xa, P5, Sa), where

1 1
Go(Xa,p,) = D maXa + s GPN(xa,p,) + pry GZPN(x,,p,) + O(c™®),
a

1 1
GSO(X37p37 Sa) = ? Ggoo(xavpa? Sa) + ? Gsl\fl)]‘o(xa-,pav Sa) + O(C76)'

@ The LO term is known from the special-relativistic limit,

S1 X pg

Ggoo(xazpazsa) = - m

+ (14 2).




THE METHOD OF UNDETERMINED COEFFICIENTS

@ The most general form of GSNOLO can a priori depend on 8 unknown dimensionless
coefficients g1, . .., gs [(V1, V2, V3) := V1 - (V2 x V3) = g Vi V3 VK]:

NLO P%
Gso = 3 S1 X p1
m
1
Gmy $1 X p1 81 X p2 (n12 - p1) (n12 - p2)
+ —{gl +a + (gg +&4 )“12 X 81
12 my my my m

(51, m12, P1) (51, M2, P2)
+ (gs + &6 )"12

21 irp)

Gmy S1, M2 P1 S15 M2, P2
== {g7( . )+g8( :#2) x1 + (1 o 2).
12

@ The generators P;, J;, H, and G; in the forms given above exactly satisfy
the relations {P;, P;} =0, {P;,H} =0, {J;,H} =0, {J;, P;} = €jjx P«,
{J4i, 4i} = €ijx Ik, {Jir Gj} = €ijk Gk

@ There exist unique values of the coefficients g1, ..., gg ensuring the fulfillment of
the relations {G;, H} = P;, {G;, P;} = % Héj, {Gi, G} = — % eijic k.

G i




@ CompaRISON WITH HARMONIC-COORDINATE-BASED RESULTS



THE TRANSFORMATION BETWEEN THE ADM AND HARMONIC VARIABLES

@ The NLO spin-dependent contributions in the translational and rotational
equations of motion of two spinning particles, were computed in harmonic
coordinates by BBF (Blanchet, Buonanno, and Faye, 2006).

@ BBF use two different spin variables:
spin variables SBBF with nonconserved Euclidean magnitudes,
and spin variables SSBBF with conserved Euclidean lengths.

@ We look for the explicit transformation between
the ADM variables (xa,p,, Sa).

and the harmonic variables (y,, va := y,, SS BBF):
ya(t) = Ya(xb(t)rpb(t)v Sb(t)):

SSBBF (1) = 33, (x5 (1), pp(£), S (1))




THE TRANSFORMATION BETWEEN SPIN VARIABLES

@ BBF computed the angular velocity vector QEBF,

dsg BBF

L =07 PR a2

@ We have reexpressed QQBBF(yb,Vb) in terms of ADM variables
and compared the result with Q,(xp,p,). We have found

Q55 (Vb vb) = Q) (X6, 1),

de
QU (Vb vb) = Raga) (X6, Pp) + d:v
where
G nio - niy - 9
PR (10 ) PP L LD ) IS SR
c*rno 4my my 4my

@ From these results one can deduce that

3a(Xb, Py, Sp) = Sa + 0a(xp, Pp) X Sa.

).




THE TRANSFORMATION BETWEEN ORBITAL DEGREES OF FREEDOM (1/4)

@ One can decompose the transformation Y, between ADM and harmonic orbital
degrees of freedom into spin-independent and spin-dependent terms:

Ya(xb, P, Sb) = Xa + Y3 (X6, Pp) + Y57 (Xb, Pp» Sb),
where the spin-dependent term is of the form

Yzo(xb’ Py Sb) = Yi?Z)(va Pp» Sb) + Yi&)(xb, Pb, Sb) + O(C_ﬁ)'

@ The LO spin-dependent part equals

YZ?Z) (va Pp, Sb) =




TION BETWEEN ORBITAL DEGREES OF FREEDOM (2/4)

@ One determines the NLO spin-dependent part by using the method of
undetermined coefficients. One thus consideres the most general template
for Y5¢,y, which depends on 12 unknown coefficients:

(4)’
2
5 P Gmy 1 S1 X p1 S1 X p2
Y;&)(Xaypay S3) = — 41 751 X p1+ I _— <
8c4md Arp m my my
(n12 - p1) (n15 - p2) S1.n12, P S1, 12, P
+< 12 0p1) (2 2)n12><31+( (51, m2 1)+ (51, m2 2))"12
m o) my my

G S2 X p1 Sy X pp (n12 - p1) (n12 - p2)
+ + + nyp X Sy

( (52, m2, p1) (521"12412)) )
A aF no .

G bip




THE TRANSFORMATION BETWEEN ORBITAL DEGREES OF FREEDOM (3/4)

FIRST METHOD

One can compute the coefficients ay, ..., ae, b1,..., bs by comparing the ten
conserved quantities derived by BBF in harmonic coordinates,

E(YanVav P(ya7V87 J(Ya7V37S§BBF)7 G(ya7v87s(a:BBF)7

with the ten phase-space Poincaré generators constructed within Hamiltonian
formalism. This is done by making replacements

S5BPF), 85BPF),

Ya — Ya(bepb’ Sb)
va — Va(Xb,Pp,Sb) = {Ya(xp, Pps Sb), H(Xb, P, Sp) }

Sg BBE — 2«a(xbv Pb; Sb)

The values of the coefficients ay, ..., as, b1, ..., bg must fulfill the equations
E(Ya(xp, Pp» Sp)s Va(Xps Pps Sp)» Za(Xps Pps Sp)) = H(xa, pa, Sa)s

P (Ya(xp: P Sp): Valxps Ph: Sp)s Za(xp, Py Sp)) = D Pas
a

I(Ya(xp: Py Sp)s Va(Xps Pps Sp)s Za(xp, PpsSp)) = D (Xa X s +Sa),
3

G(Ya(xp: Ph» Sp)s Va(Xps Pps Sp)s Za(Xps Pps Sp)) = G(Xa, Pas Sa)-

One obtains a unique set of values for all coefficients as, ..., as, b1, ..., bs-




THE TRANSFORMATION BETWEEN ORBITAL DEGREES OF FREEDOM (4/4)

SECOND METHOD

@ One compares the right-hand side of the 2PN-accurate translational equations of

motion,
dv,

dt

to its direct Hamiltonian recomputation
A, ={V., H} = {{Y.,H}, H}.

= Aa(y5, Vs, S5BBF),
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