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General Remarks and Summary

We consider a system of two point masses, i.e. monopolar, pointlike bodies,
which interact gravitationally according to general relativity theory. Spin- and
tidal-related effects will not be discussed here.
We model point masses by means of Dirac δ distributions.
We employ the ADM canonical formalism in D = d + 1 spacetime dimensions.
We work in asymptotically flat (d + 1)-dimensional spacetime
and use asymptotically Minkowskian reference frame with coordinates

x0 = c t, x = (x1, . . . , xd ).

To solve (perturbatively) equations for the field degrees of freedom, we use
time-symmetric (half-retarded half-advanced) Green function for conservative
dynamics and retarded one for dissipative dynamics.
We unambiguously computed conservative Hamiltonians at Newtonian, 1PN,
2PN, 3PN, and 4PN orders and dissipative Hamiltonians at 2.5PN and 3.5PN
orders.
δ-sources lead to ultraviolet (UV) divergences, i.e., divergences at the location of
the particles. We control them by means of dimensional regularization (DR).
For conservative dynamics, near-zone infrared (IR) divergences, linked to
nonlocal-in-time tail effects, are analytically regulated using a new (i.e., different
from DR-related one) length scale. The result of regularization is ambiguous and
the ambiguity is resolved by using a beyond-near-zone information.



Why Dirac Deltas?

♣ Usage of δ-sources considerably
simplifies computations.
♣ Effacement principle
(Damour 1983): dimensions
and internal structure of compact
and nonrotating bodies enter their
EOM only at the 5PN order.
♣ One can use δs to model source
terms for black-hole spacetimes, e.g.
the Brill-Lindquist (1963) solution
of time-symmetric two-black-hole
initial value problem (Jaranowski &
Schäfer 1999).
♣ For two-body systems δ-sources
together with dimensional
regularization give unique
conservative EOM up to the 4PN
order and made it possible to
calculate gravitational-wave
luminosities up to the 4.5PN order.



1 General Remarks and Summary

2 Conservative and Dissipative Matter Hamiltonians
Reduced Matter+Field ADM Hamiltonian
Field Equations
Conservative Matter Hamiltonian
Dissipative Matter Hamiltonian

3 Computation of the 4PN-Accurate Conservative Hamiltonian
Regularization of UV/IR Divergences
The Result: 4PN-Accurate Conservative Hamiltonian
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Dimensional-Regularization Length Scale and Units

Dimensional regularization introduces a natural length scale `0,
which relates the Newtonian GN (valid in d = 3 space dimensions)
and the D-dimensional GD (D = d + 1, valid in d space dimensions)
gravitational constants,

GD = GN `
ε
0 , ε := d − 3.

Units: quite often c = 1 and GD = 1/(16π).



Notation

Particle labels: a, b ∈ {1, 2},
masses of the particles: ma,
position vectors of the particles: xa = (x1

a , . . . , x
d
a ),

linear momentum vectors of the particles: pa = (pa1, . . . , pad ).

For any d-vectors v = (v1, . . . , vd ) and w = (w1, . . . ,wd ):

v · w := δijv
iw j , |v| :=

√
v · v.

ra := x− xa, ra := |ra|, na := ra/ra;

for a 6= b: rab := xa − xb, rab := |rab|, nab := rab/rab.



A (d + 1)-Splitting of Spacetime Metric gµν

ds2 = gµνdxµdxν = −(N dt)2 + γij (dx i + N i dt)(dx j + N j dt),

where N and N i are respectively lapse and shift functions,

γij := gij , N := (−g00)−1/2, N i = γ ijNj with Ni := g0i ,

here γ ij is the metric inverse to γjk (γ ijγjk = δik ),

γ := det(γij );

lowering and raising of spatial indices is with γij .



Canonical Matter+Field Variables

Canonical matter variables:
xa = (x1

a , . . . , x
d
a ),

pa = (pa1, . . . , pad ),
a = 1, 2.

Canonical field variables:
γij := gij ,

πij :=
√
γ(K ij − γ ijγklKkl ),

Kij is the extrinsic curvature of the hypersurface t = const.



ADM Hamiltonian

The full Einstein field equations in D dimensions in an asymptotically flat
space-time and in an asymptotically Minkowskian coordinate system
are derivable from the Hamiltonian

H[xa, pa, γij , π
ij ,N,N i ] =

∫
ddx (NH− N iHi ) +

∮
i0

dd−1Si ∂j (γij − δijγkk ),

i0 denotes spacelike infinity and dd−1Si is the (d − 1)-dimensional
out-pointing surface element there.
The super-Hamiltonian H and super-momentum Hi are defined as follows:

H(xa, pa, γij , π
ij ) :=

√
γN2 (T 00 − 2G00) ,

Hi (xa, pa, γij , π
ij ) :=

√
γN
(
T 0
i − 2G0

i

)
.

where Tµν and Gµν denote the energy-momentum and the Einstein tensor,
respectively,

Constraint Equations

The lapse and shift functions are Lagrangian multipliers and deliver the Hamiltonian
and momentum constraint equations of the Einstein theory,

H = 0, Hi = 0.



2-Point-Mass Energy-Momentum Tensor

Source terms for the constraint equations are derived from the 2-point-mass
energy-momentum tensor

Tαβ(xµ) :=
2∑

a=1
ma

+∞∫
−∞

uαa u
β
a√

− det(gµν)
δd+1(xµ − ξµa (τa)

)
dτa,

τa is the proper time along the world line xµ = ξµa (τa) of the ath particle,
and uαa := dξαa /dτa.



Constraint Equations for 2-Point-Mass Systems

The constraint equations:

√
γ R −

1
√
γ

(
γik γj` π

ij πk` −
(γij π

ij )2

d − 1

)
=

2∑
a=1

√
γ ija paipaj + m2

a δ
d (x− xa),

−2Djπ
ij =

2∑
a=1

γ ija paj δ
d (x− xa),

R is the spatial scalar curvature of the hypersurface t = const,
Dj is the spatial d-dimensional covariant derivative
(acting on a tensor density of weight one),
γ ija := γ ijreg(xa) is perturbatively unambigously defined and finite
(at least up to the 4PN order).



Fixing the Gauge: ADMTT Gauge (1/2)

The ADM Transverse-Traceless (TT) gauge:

γij =

(
1 +

d − 2
4(d − 1)

φ

)4/(d−2)

δij + hTT
ij , πii = 0,

where hTT
ii = 0 and ∂jhTT

ij = 0.

Splitting of the field momentum:

πij = π̃ij (V k ) + πij
TT,

π̃ij (V k ) = ∂iV
j + ∂jV

i −
2
d
δij ∂kV

k ,

where πii
TT = 0 and ∂jπij

TT = 0.

The super/subscript TT denotes the application of the d-dimensional
(spatially nonlocal) TT-projection operator:

f TT
ij := δ

TTkl
ij fkl ,

where δ
TTkl
ij :=

1
2

(δikδjl + δilδjk )−
1

d − 1
δijδkl

−
1
2

(δik∂j∂l + δjl∂i∂k + δil∂j∂k + δjk∂i∂l )∆−1

+
1

d − 1
(δij∂k∂l + δkl∂i∂j )∆−1 +

d − 2
d − 1

∂i∂j∂k∂l∆
−2
.



Fixing the Gauge: ADMTT Gauge (2/2)

Asymptotic behavior for r →∞:

φ ∼
1

rd−2 , hTT
ij ∼

1
rd−2 , π̃ij ∼

1
rd−1 , πij

TT ∼
1

rd−1 .

After PN expansion of the retardations in the field functions one gets new
functions which behave badly for r →∞:

hTT
ij (t, nr) =

hij (t − r , n)

rd−2 +O(
1

rd−1 )

=
hij (t, n)

rd−2 − ḣij (t, n)r3−d +
1
2
ḧij (t, n)r4−d + · · ·+O(

1
rd−1 ).

This is the source of infrared divergences.



A Perturbative Solving of the Constraints (1/3)

φ and V i are expressed in terms of (xa, pa, h
TT
ij , πij

TT) by a perturbative solving
of the constraint equations—this is done by the PN expansion of φ and V i ,
which is slow-motion and weak-field approximation, so we assume that

v2

c2 ∼
GDm

c2rd−2 � 1.

Working with c = 1 units we thus have v = O(c−1) and m = O(c−2).
One take into account that

ma ∼ O(c−2), pa ∼ O(c−3), φ ∼ O(c−2),

hTT
ij ∼ O(c−4), π̃ij ∼ V i ∼ O(c−3), πij

TT ∼ O(c−5).

The PN expansion of φ and V i read (the numbers in parentheses denote the
formal order in 1/c):

φ = φ(2) + φ(4) + · · · , V i = V i
(3) + V i

(5) + · · · .

The constraints yield a system of elliptic equations for φ and V i ,
which has the structure (hTT

ij and πij
TT enter the ellipsis)

∆φ = −
∑
a

ma(1 + · · · ) δd (x− xa) + · · · ,

∆V i +

(
1−

2
d

)
∂i∂jV

j = −
1
2
∑
a

(pai + · · · ) δd (x− xa) + · · · .



A Perturbative Solving of the Constraints (2/3)

The 3PN-accurate conservative matter Hamiltonian density can be expressed in
terms of the six functions: φ(2), S(4)1, S(4)2, S(4)ij , V i

(3)
, hTT

(4)ij
.

They satisfy the equations
(
δa ≡ δd (x− xa)

)
:

∆φ(2) = −
∑
a

ma δa,

∆V i
(3) +

(
1−

2
d

)
∂ijV

j
(3)

= −
1
2
∑
a

pai δa,

∆S(4)1 =
∑
a

p2
a

ma
δa, ∆S(4)2 = φ(2)

∑
a

maδa, ∆S(4)ij =
∑
a

paipaj

ma
δa,

∆hTT
(4)ij =

(
−
∑
a

paipaj

ma
δa −

d − 2
2(d − 1)

∂iφ(2)∂jφ(2)

)TT
.



A Perturbative Solving of the Constraints (3/3)

Using the relations:

∆−1δa = −κ r2−d
a

(
κ :=

Γ (d/2− 1)

4πd/2

)
,

∆−1rλa =
rλ+2
a

(λ+ 2)(λ+ d)
,

one can find in d dimensions φ(2), φ(4), V i
(3)

, S(4), S(4)ij , and the quadratic in
momenta part of hTT

(4)ij
.

E.g., φ(2) = −
∑
a

ma ∆−1δa = κ
∑
a

mar
2−d
a .



Reduced Matter+Field ADM Hamiltonian

If the constraint equations and the gauge conditions are both satisfied,
the total matter+field ADM Hamiltonian can be written in its reduced form:

Hred
[
xa, pa, h

TT
ij , πij

TT
]

= −
∞∑
n=2

∫
ddx ∆φ(n)

[
xa, pa, h

TT
ij , πij

TT
]
.

The equations of motion for the particles:

ṗa = −
δHred
δxa

, ẋa =
δHred
δpa

(a = 1, 2).

Evolution equations for the field degrees of freedom:
∂

∂t
hTT
ij = δTTkl

ij

δHred
δπkl

TT
,

∂

∂t
πij

TT = −δTTij
kl

δHred
δhTT

kl

.

There is no involvement of lapse and shift functions in the equations of motion
and in the field equations for the independent degrees of freedom.
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Field Equations (1/2)

For computing the 4PN-accurate reduced Hamiltonian we need to use field
equations which follow from the 3PN-accurate part of the Hamiltonian:

Hred
≤3PN

[
xa, pa, h

TT
ij , πij

TT
]

=

∫
ddx h≤3PN

(
x; xa, pa, h

TT
ij , πij

TT
)
,

where

h≤3PN
(
x; xa, pa, h

TT
ij , πij

TT
)

=
∑
a

maδa + h(4)

(
x; xa, pa

)
,

+ h(6)

(
x; xa, pa

)
+ h(8)

(
x; xa, pa, h

TT
ij

)
+ h(10)

(
x; xa, pa, h

TT
ij , πij

TT
)
.

For this Hamiltonian the field equations take the form

ḣTT
ij = δTTkl

ij

∂h≤3PN

∂πkl
TT

+O(c−7),

π̇ij
TT = −δTTij

kl

{
∂h≤3PN

∂hTT
kl

−
(
∂h≤3PN

∂hTT
kl,m

)
,m

+

(
∂h≤3PN

∂hTT
kl,mn

)
,mn

}
+O(c−8).



Field Equations (2/2)

More explicitly,

ḣTT
ij = δTTkl

ij

{
2πkl

TT −
2(d − 2)

d − 1
φ(2)π̃

kl
(3)

}
+O(c−7),

π̇ij
TT = −δTTkl

ij

{
1
2
S(4)kl −

1
2

∆hTT
kl + B(6)kl

+
1

2(d − 1)

(
φ(2)∆hTT

kl + ∆
(
φ(2)h

TT
kl

))}
+O(c−8).

By combining these two equations one gets the equation for hTT
ij ,

�hTT
ij = STT

ij , � := −∂2
t + ∆,

where the source term is

STT
ij = δTTkl

ij

{
S(4)kl + 2B(6)kl +

2(d − 2)

d − 1
∂t
(
φ(2)π̃

kl
(3)

)
+

1
d − 1

(
φ(2)∆hTT

kl + ∆
(
φ(2)h

TT
kl

))}
+O(c−8).

After solving field equation for hTT
ij one can obtain πij

TT:

πij
TT =

1
2
ḣTT
ij +

d − 2
d − 1

δTTkl
ij

(
φ(2)π̃

kl
(3)

)
+O(c−7).
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Conservative Matter Hamiltonian

From this point on, we limit ourselves to the conservative dynamics.

We further reduce of the Hamiltonian by performing the Legendre transformation
with respect to the field variables. This leads to the Routhian,

R
[
xa, pa, h

TT
ij , ḣTT

ij

]
:= Hred

[
xa, pa, h

TT
ij , ḣTT

ij

]
−
∫

ddxπij
TTḣTT

ij .

Elimination of the field variables hTT
ij , ḣTT

ij : they are “integrating out”, i.e.,
replaced by time-symmetric solutions (as a functional of the particle variables) of
their field equations,

Hcons[xa, pa] := R
[
xa, pa, h

TT
sym ij (x; xa, pa), ḣTT

sym ij (x; xa, pa)
]
,

where time derivatives of xa and pa are eliminated through the use of
lower-order equations of motion.
The reduced action for the particles (in Hamiltonian form) is

S =
∑
a

∫
pa · dxa −

∫
dt Hcons[xa, pa].



Conservative Matter Hamiltonian: Near-Zone Contribution (1/2)

Equations for the field degrees of freedom can be combined to get

�hTT
ij = STT

ij , � := −c−2∂2
t + ∆,

Sij (x, t) = Sij
(
x− xa(t), pa(t), hTT

ij (x, t), πij
TT(x, t)

)
.

Time-symmetric and near-zone solution of the field equation,

hTT loc
sym ij =

(
�−1

symSij

)TT
=

1
2

(
(�−1

adv + �−1
ret)Sij

)TT

=
(

(∆−1 + c−2∆−2∂2
t + c−4∆−3∂4

t + · · · )Sij
)TT

.

After making the PN expansion of the source terms, Sij = S(4)ij + S(6)ij + · · · , one gets
hTT loc

sym ij (x, t) = hTT
(4)ij (x, t) + hTT

(6)ij (x, t) + · · ·, ∆hTT
(4)ij = STT

(4)ij , ∆hTT
(6)ij = STT

(6)ij + ḧTT
(4)ij .

The functions hTT
(4)ij and hTT

(6)ij are enough to compute 4PN-accurate conservative Hamiltonian.

Slow decay of hTT
(4)ij (x, t) (like 1/r in d = 3) and divergence of hTT

(6)ij (x, t) (like r in d = 3)
for r := |x| → ∞ leads to infrared (IR) divergences. To regularize them one needs to
introduce a new length scale sIR.



Conservative Matter Hamiltonian: Near-Zone Contribution (2/2)

After replacing hTT
sym ij by hTT loc

sym ij one gets the near-zone conservative
Hamiltonian, which is local in time:

Hnear-zone(xa, pa) := R
[
xa, pa, h

TT loc
sym ij (x; xa, pa), ḣTT loc

sym ij (x; xa, pa)
]
.

The Hamiltonian Hnear-zone develops both UV and IR divergences:

Reg
{
Hnear-zone(xa, pa)

}
= RegUV

{
H IR conv

near-zone(xa, pa)
}

+ RegsIR
IR
{
H IR div

near-zone(xa, pa)
}
.

The result of the IR regularization depends on the scale sIR.



Conservative Matter Hamiltonian: Tail Contribution (1/2)

Work of Blanchet & Damour (1988):
— starting at the 4PN level it is impossible to express (in any gauge)

the near-zone metric as a functional of the instantaneous state of
the source: 4PN metric is the sum of an instantaneous functional of
the source variables and of a nonlocal-in-time tail contribution;

— to compute the near-zone effect of tail-transported correlations
a technique of matching between the exterior zone r � r12
and the near-zone r � λ/(2π) was employed;

— its result depends on an arbitrary length scale stail
which plays the role of an intermediate scale between
the scale of the system r12 and the reduced wavelength λ/(2π),

r12 � stail � λ/(2π).



Conservative Matter Hamiltonian: Tail Contribution (2/2)

The time-symmetric part of the 4PN tail metric (Blanchet & Damour 1988)
contributes to the two-body EOM through a nonlocal-in-time Hamiltonian
(Damour, Jaranowski, & Schäfer 2014) in d = 3 dimensions:

Regstail
{
Htail sym

4PN [xa, pa]
}

= −
1
5

G2M

c8

...
I ij Pf2stail/c

∫ +∞

−∞

dv
|v |

...
I ij (t + v),

where PfT denotes a Hadamard partie finie with time scale T := 2stail/c,

PfT
∫ +∞

−∞

dv
|v |

g(v) :=

∫ T

−T

dv
|v |
(
g(v) + g(−v)− 2g(0)

)
+

∫ −T

−∞

dv
|v |

g(v) +

∫ +∞

T

dv
v

g(v),

and Iij is the Newtonian quadrupole moment of the binary system:

Iij :=
∑
a

ma

(
x i
a x

j
a −

1
3
δ
ij x2

a

)
.



Conservative Matter Hamiltonian

One identifies the IR-related and the tail-related regularization length scales:

sIR = stail ≡ s.

The total conservative Hamiltonian is the sum of the near-zone contribution
and the time-symmetric part of the tail contribution:

Hcons[xa, pa] = Hnear-zone(xa, pa) + Htail sym[xa, pa].
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3.5PN-Accurate Dissipative Matter Hamiltonian (1/2)

More refined treatment can be found in Section 3 of 2018 Schäfer/Jaranowski
Living Reviews in Relativity article.
Now we use the near-zone expansion of the retarded solutions of the field
equations,

hTT
ij = hTT

(4)ij + hTT
(5)ij + hTT

(6)ij + hTT
(7)ij +O(c−8),

πij
TT = π

(5)ij
TT + π

(6)ij
TT +O(c−7).

The split of the total reduced Hamiltonian:

Hred
≤3.5PN

[
xa, pa, h

TT
ij , πij

TT
]

= Hmat
≤3.5PN

(
xa, pa

)
+ H int
≤3.5PN

[
xa, pa, h

TT
ij , πij

TT
]

+ Hfield
≤3.5PN

[
hTT
ij , πij

TT
]
.

H̃≤3.5PN is the Hamiltonian which coincides with the Hamiltonian H≤3.5PN
after dropping its field part,

H̃≤3.5PN := Hmat
≤3.5PN + H int

≤3.5PN.



3.5PN-Accurate Dissipative Matter Hamiltonian (2/2)

The Hamiltonian H̃≤3.5PN can be decomposed into conservative and dissipative
parts

H̃≤3.5PN (xa, pa, t) = Hcon
≤3PN (xa, pa) + Hdiss

≤3.5PN (xa, pa, t) ,

where

Hcon
≤3PN := Hmat

N + Hmat
1PN +

(
Hmat

2PN + H int
2PN

)
+
(
Hmat

3PN + H int
3PN

)
,

Hdiss
≤3.5PN (xa, pa, t) := H int

2.5PN
[
xa, pa, h

TT
ij (t), πij

TT(t)
]

+ H int
3.5PN

[
xa, pa, h

TT
ij (t), πij

TT(t)
]
.



3.5PN-Accurate Gravitational-Wave Luminosity

The total time derivative of H̃≤3.5PN is equal to its partial time derivative, and
because only the dissipative part of H̃≤3.5PN depends explicitly on time we get

d

dt
H̃≤3.5PN (xa, pa, t) =

∂

∂t
H̃≤3.5PN (xa, pa, t) =

∂

∂t
Hdiss
≤3.5PN (xa, pa, t) .

The instantaneous energy loss of the matter system due to the gravitational wave
emission is defined as

Linst
≤3.5PN(t) := −

∂

∂t
Hdiss
≤3.5PN (xa, pa, t) .

This formula was applied to derive, at the leading-order (the quadrupole formula)
and the next-to-leading-order, gravitational-wave luminosity L of the two-body
system in quasi-elliptical motion:

L≤3.5PN =
〈
Linst
≤3.5PN(t)

〉
= −

〈
∂

∂t
Hdiss
≤3.5PN(xa, pa, t)

〉
,

where 〈· · · 〉 denotes time averaging over one period of the motion.
Also the leading-order spin-orbit and spin(1)-spin(2) dissipative Hamiltonians
were derived.
This is a direct derivation of the leading-order/next-to-leading-order
gravitational-wave luminosity.



Leading-Order Gravitational-Wave Luminosity (1/2)

The leading-order dissipative Hamiltonian

Hdiss
2.5PN (xa, pa, t) =

1
2

∫
d3xS(4)ij (x− xa, pa)hTT

(5)ij (t),

depends on function hTT
(5)ij

,

hTT
(5)ij (t) =

1
4π
∂tδ

TTkl
ij

∫
d3xS(4)kl (x− xa(t), pa(t)).

Taking into account that

δTTkl
ij Tkl (t) =

2
5
TSTF
ij (t), TSTF

ij :=
1
2
(
Tij + Tji

)
−

1
3
δijTkk ,

one gets
hTT

(5)ij (t) =
d

dt
χ(4)ij (xa(t), pa(t)) ,

where

χ(4)ij (xa, pa) :=
1

60π

{∑
a

2
ma

(
p2
aδij − 3paipaj

)
+

1
16π

∑
a

∑
b 6=a

mamb

rab

(
3niabn

j
ab − δij

)}
.



Leading-Order Gravitational-Wave Luminosity (2/2)

Finally, the leading-order dissipative Hamiltonian reads

Hdiss
2.5PN (xa, pa, t) = 5π χ̇(4)ij (t)χ(4)ij (xa, pa) ,

so the leading-order GW luminosity reads

L2.5PN = −
〈
∂

∂t
Hdiss

2.5PN (xa, pa, t)

〉
= −5π

〈
χ̈(4)ij (t)χ(4)ij (xa, pa)

〉
= −5π

〈
d
dt
(
χ̇(4)ijχ(4)ij

)
−
(
χ̇(4)ij

)2
〉

= +5π
〈(
χ̇(4)ij

)2
〉
.
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4PN-Accurate Conservative Hamiltonian: UV/IR Divergences

Hcons
≤4PN[xa, pa] = HN(xa, pa) + H1PN(xa, pa)

+ H2PN(xa, pa) + H3PN(xa, pa) + H4PN[xa, pa];

HN(xa, pa) = RegUV
{
Hnear-zone

N (xa, pa)
}
,

H1PN(xa, pa) = RegUV
{
Hnear-zone

1PN (xa, pa)
}
,

H2PN(xa, pa) = RegUV
{
Hnear-zone

2PN (xa, pa)
}
,

H3PN(xa, pa) = RegUV
{
Hnear-zone

3PN (xa, pa)
}
,

H4PN[xa, pa] = RegUV
{
Hnear-zone

4PN, IR conv(xa, pa)
}

+ RegsIR
{
Hnear-zone

4PN, IR div(xa, pa)
}

+ Regs
{
Htail sym

4PN [xa, pa]
}
.

All regularization procedures used are described in detail in Appendix A of 2015
Jaranowski/Schäfer PRD article.



Structure of the Hamiltonian Density: Contact and Field-Like Terms

The near-zone Hamiltonian can be written as

H =

∫
H(x) ddx , H(x) = H(D)

contact(x) +H(D)
field(x) + ∂iDi (x),

∂iDi gives no contribution to the H.
By changing Di , both H(D)

contact and H(D)
field change,

but H should should remain unchanged.
One can also shift time derivatives,∫

ȦB ddx = −
∫

AḂ ddx +
d
dt

∫
AB ddx.

Dropping the total time derivative is equivalent to performing a canonical
transformation.



Structure of Contact and Field-Like Terms

Structure of contact H(D)
contact terms:

H(D)
contact = S1(x) δd (x− x1) + (1↔ 2).

Structure of field-like H(D)
field terms in d = 3 dimensions (at least up to 4PN order):

H(D)
field =

∑
`

c` (n1 · p1)`1 (n2 · p1)`2 (n1 · p2)`3 (n2 · p2)`4

× r`5
1 r`6

2 (r1 + r2 + r12)`7 ;

using prolate spheroidal coordinates one can reduce field-like integrands to

c` r
`1
1 r`2

2 (r1 + r2 + r12)`3 .



Looking for the Correct 3-Dimensional Regularization (1/4)

“Good” δ-functions of Infeld and Plebański (1954–60); they satisfy, besides
having the properties of ordinary Dirac δ-functions, the condition

1
|x− xa|k

δ3(x− xa) = 0, k = 1, . . . , p (for some positive integer p).

A natural generalization of the concept of “good” δ-functions is “partie finie”
value of function at its singular point x0 (here mmax is some nonnegative integer):

f (xa + rana) =
∞∑

m=−mmax

am(na)rma , freg(xa) :=
1

4π

∫
dΩ a0(na).

All contact integrals are evaluated as{∫
d3x f (x)δ3(x− xa)

}
reg

:= freg(xa).



Looking for the Correct 3-Dimensional Regularization (2/4)

Infeld and Plebański assumed that the “tweedling of products” is always satisfied:

(f1f2)reg(xa) = f1reg(xa)f2reg(xa),

but this is generally wrong for arbitrary singular functions f1 and f2.
Problems with fulfilling this property begin at the 3PN order.
It is natural to demand that

S(x) δ3(x− xa) = Sreg(xa) δ3(x− xa),

then, taking another singular function T , one gets

T (x)S(x) δ3(x− xa) = T (x) Sreg(xa) δ3(x− xa).

This implies (TS)reg(xa) = Treg(xa) Sreg(xa).



Looking for the Correct 3-Dimensional Regularization (3/4)

Another consequence of employing δ-sources is necessity to differentiate singular
and homogeneous functions using a distributional derivative.
Let f be a function defined in a neighbourhood of the origin of R3, it is said to
be a positively homogeneous function of degree λ, if for any number a > 0

f (a x) = aλ f (x).

Let k := −λ− 2. If λ is an integer and if λ ≤ −2 (i.e., k is a nonnegative
integer), then within the standard distribution theory one derives the formula

∂̄i f (x) = ∂i f (x) +
(−1)k

k!

∂kδ3(x)

∂x i1 · · · ∂x ik
×
∮

Σ
dσi f (x′) x ′i1 · · · x ′ik ,

where ∂̄i f on the lhs denotes the derivative of f considered as a distribution,
while ∂i f on the rhs denotes the derivative of f considered as a function
(which is computed using the standard rules of differentiation), Σ is any smooth
close surface surrounding the origin and dσi is the surface element on Σ.
The distributional derivative does not obey the Leibniz’s rule. Let us suppose
that it does, then

∂̄i
1
r3 = ∂̄i

(
1
r

1
r2

)
=

1
r2 ∂̄i

1
r

+
1
r
∂̄i

1
r2 .

But the rhs can be computed using standard differential calculus (no terms
with δ3(x)), whereas computing the lhs one obtains some term proportional to
∂iδ

3(x).



Looking for the Correct 3-Dimensional Regularization (4/4)

The Riesz-implemented Hadamard regularization is based on the Hadamard
“partie finie” and the Riesz analytic continuation procedures; it relies on
multiplying the full integrand, say i(x), of the divergent integral by two
regularization factors (r1 := |x− x1|, r2 := |x− x2|),

i(x) −→ i(x)
( r1
s1

)ε1( r2
s2

)ε2
,

and studying the double limit ε1 → 0, ε2 → 0 within analytic continuation
in the complex ε1 and ε2 planes (here s1 and s2 are arbitrary 3-dimensional
UV regularization scales).
The result of employing the 3-dimensional regularization procedures described
above is ambiguous—it depends on the way one writes integrands
when transforming them using integration by parts (both in space and in time).



Contact Terms in d Dimensions: Hadamard’s “Partie Finie”

“Partie finie”, i.e., the finite part (FP) of a singular function:

S(xa + rana) =
∞∑

m=−mmax

am(xa) rma , Sreg(xa) ≡ FPa S :=
1

Ωd−1

∮
dΩd−1 a0(na),

Ωd−1 is the volume of the (d − 1)-dimensional unit sphere.
Regularization of contact terms:{

S(x) δd (x− xa)
}

reg
= (FPa S)δd (x− xa),{∫

ddx S(x) δd (x− xa)

}
reg

:= FPa S.

Important feature (in general not valid in d = 3 dimensions):
FPa

(
f1f2 · · ·

)
=
(

FPa f1
)(

FPa f2
)
· · · .



3PN-Related Example

d-dimensional Newtonian potential,

φ(2) = −
∑
a

ma ∆−1δa = κ
∑
a

mar
2−d
a .

3PN Hamiltonian contains the term∫
ddx

(
φ(2)(x)

)4
δd (x− x1)

=

∫
ddxκ4(m1r

2−d
1 + m2r

2−d
2

)4
δd (x− x1),

<(d) < 2 ⇒ lim
x→x1

r2−d
1 = 0, therefore∫

ddx
(
φ(2)(x)

)4
δd (x− x1) = κ4(m2r

2−d
12

)4
=
(
FP1 φ(2)

)4
.

In other words in d dimensions

FP1
(
φ4

(2)

)
=
(
FP1 φ(2)

)4
.

One easily cheks that in 3 dimensions

FP1
(
φ4

(2)

)
6=
(
FP1 φ(2)

)4
.



Distributional Differentiation of Homogeneous Functions in d Dimensions

The 3-dimensional formula for distributional differentiation of homogeneous functions
is valid (without any change) also in the d-dimensional case. E.g., it gives

∂̄2

∂̄x i ¯∂x j

(
1

rd−2
a

)
=

{
∂2

∂x i∂x j

(
1

rd−2
a

)}
ordinary

−
4πd/2

d Γ(d/2−1)
δij δ

d (x− xa)

= (d − 2)
d nian

j
a − δij
rda

−
4πd/2

d Γ(d/2−1)
δij δ

d (x− xa),

∆

(
1

rd−2
a

)
= −

4πd/2

Γ(d/2−1)
δd (x− xa),

(
in d = 3: ∆

(
1
ra

)
= −4π δ3(x− xa)

)
.



Riesz Kernel

Instead of d-dimensional Dirac distributions one can try to use d-dimensional
Riesz kernels:

δd (x− xa) = lim
εa→0+

δεa (x− xa),

where δεa (x− xa) :=
Γ((d − εa)/2)

πd/2 2εa Γ(εa/2)
rεa−d
a .

One replaces in the constraint equations Dirac-δ-sources by Riesz kernels,
solves the constraints pertubatively and develop the whole PN scheme.
At the end of computations, one takes the limits ε1 → 0+, ε2 → 0+,
and only after this one computes d → 3 limit.
No distributional differentiations are needed.
The usage of the Riesz kernel directly in 3 dimensions does not resolve
ambiguities.



The Extended Hadamard Regularization (1/2)

The extended Hadamard regularization (EHR) is a specific variant of
3-dimensional Hadamard regularization devised by Blanchet & Faye
and used by them in computation of the 3PN two-point-mass EOM in harmonic
coordinates (2000–01).
The basic idea is to associate to any function F ∈ F , where the set F comprises
functions smooth on R3 except for the two points (around which they admit
a power-like singular expansion) a pseudo-function PfF , which is a linear form
acting on functions from F :

〈PfF ,G〉 := Pfs1,s2

∫
d3x FG , for any G ∈ F ,

where Pfs1,s2 means partie finie of the divergent integral (it depends on
two—one per each singularity—arbitrary regularization scales s1 and s2).
The Dirac δ-functions δa are represented by the pseudo-functions Pfδa defined by

〈Pfδa,G〉 := Greg(xa), for any G ∈ F ,

The product Fδa is represented by another pseudo-function Pf(Fδa):

〈Pf(Fδa),G〉 := (FG)reg(xa), for any G ∈ F .

As a consequence, in general Pf(Fδa) 6= Freg(xa)Pfδa.
To ensure the possibility of integration by parts, partial derivatives of singular
functions are specifically treated. This leads to a distributional derivative, which
differs in general from the Schwartz derivative. E.g.,

∂̄iPf
1
r

= −Pf
ni

r2 + 2πPf(rniδ), Schwartz derivative gives ∂̄i
1
r

= −
ni

r2 .



The Extended Hadamard Regularization (2/2)

The definitions adopted by EHR disagree with DR rules.
In generic d dimensions one can always use

F (d)(x)δd (x− xa) = F
(d)
reg(xa) δd (x− xa),

where F (d) is the d-dimensional version of 3-dimensional F . This leads to the
following DR rule, which disagrees with the EHR rule:[

F (x) δ3(x− xa)
]

reg :=
(

lim
d→3

F
(d)
reg(xa)

)
δ3(x− xa).

The EHR differentiation when applied to smooth functions of compact support,
coincides with Schwartz differentiation. However, in the 3PN-level computations
it operated with other singular functions and gave the results different from the
results obtained by applying Schwartz differentiation.
The definition of Schwartz differentiation is valid in d dimensions, what supports
the use of this definition also in three dimensions.
The computation using EHR can not be combined with DR. This can be seen
from DR completion of the 3PN EOM in harmonic coordinates: before applying
DR it was necessary to subtract all contributions, which were direct consequences
of the use of EHR.
However, at the 3PN level the difference between the final results of EHR
and DR computations of two-point-mass EOM can be described in terms of
one dimensionless ambiguity parameter.



Looking for the Proper Modification of the Schwartz Theory?

Inspired by the EHR of Blanchet & Faye, mathematicians have recently
developed the theory of “thick distributions”: Estrada & Fulling (2007) in one
dimension, and Yang & Estrada (2013) in higher dimensions. This theory is
connected with the EHR, but is not equivalent to the latter and it can not be
used to improve regularization issues in the PN two-body problem.

(...) it is not correct to say that the work of Laurent Schwartz justifies
everything that physicists do with the Dirac delta function, because
sometimes they do things that are clearly wrong. There is a spectrum of
responses to this situation. The first (chosen by too many mathematicians)
is to dismiss distributions as untrustworthy, a kind of pornography that
should be kept out of the hands of engineering and science students.
Another (adopted by many practitioners) is to rationalize after the fact
whatever interpretation of the symbols gives the right answer in the problem
at hand (...) sometimes this is done in blatant contradiction to
interpretations adopted in other contexts. A safer approach is to regard the
delta function as a heuristic device that leads rapidly to formulas whose
correctness must then be rigorously verified (e.g., by substituting a putative
solution back into a differential equation). But one cannot be satisfied just
with this; if distributions are unambiguously defined as linear functionals on
spaces of test functions, then their properties must be unambiguous, and
the mathematician should determine which formulas and calculational rules
are true and why—tightening up the definitions when necessary.
[R.Estrada & S.A.Fulling, Int. J. Appl. Math. Stat. 10, 25 (2007)]



Field-Like Terms

In d dimensions:

∫
rα1 rβ2 ddx = πd/2

Γ
(α+ d

2

)
Γ
(β + d

2

)
Γ
(
−
α+ β + d

2

)
Γ
(
−
α

2

)
Γ
(
−
β

2

)
Γ
(α+ β + 2d

2

) rα+β+d
12 .

In d = 3 dimensions (Jaranowski & Schäfer 1998):∫
rα1 rβ2 (r1 + r2+r12)γ d3x = 2π rα+β+γ+3

12

×
(
B(α + 2, β + 2) B1/2(−α− β − γ − 4, α + β + 4)

−B(−α− β − 4, β + 2) B1/2(−α− γ − 2, α + 2)

−B(−α− β − 4, α + 2) B1/2(−β − γ − 2, β + 2)
)
,

where B is the beta function and B1/2 is the incomplete beta function:

B1/2 (α, β) =
1

α 2α 2F1

(
1− β, α;α + 1;

1
2

)
,

2F1 is the Gauss hypergeometric function.



Field-like terms: Riesz-Implemented Hadamard Regularization

Let the integrand i(x) develops only local poles,
then its RH-regularized value reads

IRH(3; ε1, ε2) :=

∫
R3

i(x)
( r1
s1

)ε1( r2
s2

)ε2
d3x

= A + c1
( 1
ε1

+ ln
r12
s1

)
+ c2

( 1
ε2

+ ln
r12
s2

)
+O(ε1, ε2),

s1 and s2 are arbitrary UV regularization scales.
The pole, say ∝ 1/ε1, comes from the part of the integrand i(x)
which develops logarithmic singularities (i.e. locally behaves like 1/r3

1 ),

i(x) = · · ·+ c̃1(n1) r−3
1 + · · · , when x→ x1.

The pole part can be recovered by RH regularization of the integral
of c̃1(n1) r−3

1 over the ball B(x1, `1):

IRH
1 (3; ε1) :=

∫
B(x1,`1)

c̃1(n1) r−3
1

( r1
s1

)ε1
d3r1 = c1

( 1
ε1

+ ln
`1
s1

)
+O(ε1).



Field-Like Terms: Implementation of DR

It is enough to replace IRH
1 (3; ε1) and IRH

2 (3; ε2) by their d-dimensional versions
I1(d , `0) and I2(d , `0), where `0 is the DR length scale.
One considers d-dimensional version of the expansion of i(x),

i(x) = · · ·+ c̃1(d , `0; n1) r6−3d
1 + · · · , when x→ x1,

and defines

I1(d , `0) :=

∫
B(x1,`1)

c̃1(d , `0; n1) r6−3d
1 dd r1 = c1

(
−

1
2ε

+ ln
`1
`0

)
+ B1 +O(ε).

The DR correction to the RH-regularized integral IRH(3; ε1, ε2):

IRH(3; ε1, ε2)− IRH
1 (3; ε1)− IRH

2 (3; ε2) + I1(d , `0) + I2(d , `0)

= A + ∆A−
c1 + c2

2ε
+ B ln

r12
`0

+O(ε).

The result is as if all computations were fully done in d dimensions.



Local d-Dimensional UV Analysis

One looks for the local behavior, say, around x = x1, of the solution of equation

∆f (x) = g(x− x1, x− x2).

One expands the source term g around r1 = |x− x1|:

g(x− x1, x− x2) = g(r1n1, r1n1 + r12n12) =
∞∑

k=−m

gk (n1)rk1 ,

where m ≥ 0 is some nonnegative integer. After applying the operator ∆−1 to
each term of the expansion one gets the expansion of the solution near x = x1:

fnonhom(x) =
∞∑

k=−m

∆−1(gk (n1)rk1
)
.

The formal solution of the Poisson equation has the form of the integral

f (x) = −κ
∫

ddx′g(x′)|x− x′|2−d .

One expands the kernel around r1 = 0 and integrates the sum term by term,

|x− x′|2−d = |r1n1 − r ′1n′1|2−d =
∞∑
`=0

K`(n1; n′1, r ′1)r`1 .

fhom(x) = −κ
∞∑
`=0

∫
ddx′g(x′)K`(n1; n′1, r ′1)r`1 .



Example (1/2)

The distributional differentiation is necessary when one differentiates
homogeneous functions under the integral sign. Let us consider the following
locally divergent integral:

p1i p1j

∫
d3x

(
∂i∂j

1
r1

)
1
r4
2
.

We shall regularize this integral in two different ways.
We first replace in the integrand differentiations with respect to x i by those with
respect to x i1 (obviously ∂i r1 = −∂1i r1). Then we shift the differentiations before
the integral sign and apply directly the Riesz formula. The result is

p1i p1j

∫
d3x

(
∂i∂j

1
r1

)
1
r4
2

= p1i p1j ∂1i∂1j

∫ d3x

r1r4
2

= p1i p1j ∂1i∂1j

(
−

2π
r2
12

)
=

4π
[
p2

1 − 4(n12 · p1)2]
r4
12

.

We have obtained this result performing integration first and then differentiation.



Example (2/2)

Now we shall regularize the integral doing differentiation first. To do it we have
to use the distributional differentiation, which gives

∂i∂j
1
r1

=
(

3ni1n
j
1 − δij

) 1
r3
1
−

4π
3
δijδ

3(x− x1).

We substitute this into the integral:

p1i p1j

∫
d3x

(
∂i∂j

1
r1

)
1
r4
2

=

∫
d3x

3(n12 · p1)2 − p2
1

r3
1 r

4
2

−
4π
3

p2
1

∫
d3x

1
r4
2
δ3(x−x1).

The second integral on the RHS is obviously regularized to∫
d3x

1
r4
2
δ3(x− x1) =

1
r4
12
.

To calculate the first integral on the RHS we apply 3-dimensional
Riesz-implemented Hadamard regularization. We obtain∫

d3x
3(n12 · p1)2 − p2

1
r3
1 r

4
2

=
16π

[
p2

1 − 3(n12 · p1)2]
3r4

12
.

Collecting all the results together we get the result, which coincides with the
result obtained before.
The two ways of regularizing the integral, described above, give the same result
only if we apply distributional differentiation when we perform differentiation
before integration.



UV Regularization of 3PN/4PN Hamiltonians

Regularization of the 3PN Hamiltonian:

∆HDR correction
3PN (xa, pa; ε) = C(xa, pa) +O(ε) (no pole part!),

RegUV{H3PN(xa, pa)} := lim
ε→0

{
HRH

3PN(xa, pa) + ∆HDR correction
3PN (xa, pa; ε)

}
.

Regularization of the near-zone IR-convergent part of the 4PN Hamiltonian:

∆HDR correction
4PN (xa, pa; ε) = C1(xa, pa) +

C2(xa, pa)

ε
+ C3(xa, pa) ln

r12
`0

+O(ε).

One finds unique D1(xa, pa) and D1(xa, pa) such that the following limit is finite:

RegUV{Hnear-zone
4PN, IR conv(xa, pa)} := lim

ε→0

{
HRH

4PN, IR conv(xa, pa)

+∆HDR correction
4PN (xa, pa; ε)

+
d
dt

(D1(xa, pa)

ε
+ D2(xa, pa) ln

r12
`0

)}
.



Regularization of the Near-Zone IR Divergences (1/2)

All terms generating IR divergences have the following structure

fij (x) ∆−1
(
ḧTT

(4)ij

)
= fij (x) ∆−2 ∂2

t S
TT
(4)ij .

They develop the logarithmic divergences linked to a decay of the integrand
∝ r−3−3(d−3) as r := |x| → ∞.
Damour/Jaranowski/Schäfer (2014–15) used two methods to perform IR
regularization. In both methods one introduces a new IR regularization length
scale s.

— Modifying behavior of the hTT
(6)ij

at spatial infinity: in all the IR-divergent
terms one can make the replacement

∆−1
[
ḧTT

(4)ij

]
→ ∆−1

[( r
s

)B
ḧTT

(4)ij

]TT
,

and then take the finite part of the IR pole at B = 2(d − 3).
— d-dimensional version of the Riesz-implemented Hadamard regularization:

one multiplies, before integrating it over space, the full integrand by a factor( r1
s

)α ( r2
s

)β
,

and take the finite part of the IR pole occurring at α+ β = 2(d − 3).



Regularization of the Near-Zone IR Divergences (2/2)

Both methods yield the same result modulo a time derivative
and a change in some constant C ,

RegsIR
{
Hnear-zone

4PN, IR div
}

(xa, pa;C) = χ̄(xa, pa)

+
2
5

G2M

c8
( ...
I ij
)2
(

ln
r12
s

+ C
)

+
d
dt

G(xa, pa),

The constant C enters the Hamiltonian through the term ln(r12/s) + C .
The addition of the constant C to the logarithm ln(r12/s) is related to the
arbitrariness of the IR-regularization scale s:
replacing s by s′ = e−λs is equivalent to replacing C by C ′ = C + λ.



The Total 2-Point-Mass Conservative 4PN Hamiltonian

After adding the IR-convergent part (and dropping the total time derivative)
and the tail contribution one gets the total 4PN Hamiltonian,

H4PN[xa, pa;C ] = RegUV
{
Hnear-zone

4PN, IR conv}(xa, pa) + RegsIR
{
Hnear-zone

4PN, IR div
}

(xa, pa;C)

+ Regs
{
Htail sym

4PN
}

[xa, pa]

= χ(xa, pa) +
2
5
G2M

c8
( ...
I ij
)2
(

ln
r12
s

+ C
)

−
1
5

G2M

c8

...
I ij Pf2s/c

∫ +∞

−∞

dv
|v |

...
I ij (t + v).

Because

−
1
5

G2M

c8

...
I ij Pf2s/c

∫ +∞

−∞

dv
|v |

...
I ij (t + v) = +

2
5
G2M

c8 (
...
I ij )

2 ln(2s/c) + · · · ,

the dependence on s cancels between the near-zone and tail contributions,
and the total 4PN Hamiltonian reads

H4PN[xa, pa;C ] = χ(xa, pa) +
2
5
G2M

c8
( ...
I ij
)2

C

−
1
5
G2M

c8

...
I ij Pf2r12/c

∫ +∞

−∞

dv
|v |

...
I ij (t + v).



Determination of the Value of the Constant C :
Using Beyond-Near-Zone Information

One needs a calculation which takes into account the transition between
the near zone and the wave zone without losing any information.
Such a calculation was performed by Bini & Damour (2013)
within the gravitational self-force approach
in the case of the dynamics of circular orbits
and in the first order in the symmetric-mass-ratio ν := m1m2/(m1 + m2)2.
It is enough to consider the 4PN-accurate gauge-invariant link between the
binding energy E := H −Mc2 and the angular momentum j := cJ/(Gm1m2)
along circular orbits,

E≤4PN(j ; ν) = −
1
2
µc2 1

j2

(
1 +

a1PN(ν)

j2 + · · ·+
a1

4PN(ν) + a2
4PN(ν) ln j

j8

)
.

The comparison of the linear in ν 4PN-level term predicted by H4PN[xa, pa;C ]
to that derived from the results of Bini & Damour (2013)
yields the unique value of C (C = −1681/1536).
This completed the determination of the 4PN conservative dynamics of
2-point-mass systems.
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4PN-Accurate Conservative 2-Point-Mass ADM Hamiltonian

H≤4PN [xa, pa ] = Hlocal
≤4PN(xa, pa) + Hnonlocal

4PN [xa, pa ] (a = 1, 2).

Local-in-time 4PN-accurate Hamiltonian

Hlocal
≤4PN(xa, pa) = (m1 + m2)c2 + HN(xa, pa) +

1

c2
H1PN(xa, pa)

+
1

c4
H2PN(xa, pa) +

1

c6
H3PN(xa, pa) +

1

c8
Hlocal

4PN (xa, pa).

Nonlocal-in-time 4PN Hamiltonian
(Blanchet-Damour 1988, Damour-Jaranowski-Schäfer 2014)

Hnonlocal
4PN [xa, pa ] = −

1

5

G2M

c8
...
I ij × Pf2r12/c

(∫ +∞

−∞

dv

|v|

...
I ij (t + v)

)
.



Newtonian/1PN/2PN Hamiltonians

The operation “+
(

1 ↔ 2
)

” used below denotes the addition for each term of another term obtained by the label permutation 1 ↔ 2.
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p2

1
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−
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2r12
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(
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)
,
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+

(n12 · p1)(n12 · p2)

m1m2

)
+
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(
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3PN Hamiltonian (Damour-Jaranowski-Schäfer 2001)
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4PN Local-in-time Hamiltonian (Damour-Jaranowski-Schäfer 2014)
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Poincaré Algebra (1/4)

General-relativistic isolated systems admit the Poincaré group as a global
symmetry. Therefore any coordinate system respecting asymptotic flatness
should embody some representation of this symmetry.
The presence of a Poincaré symmetry is equivalent to requiring the existence of
generators Pµ(xa, pa) and Jµν(xa, pa, t) realized as functions on the extended
two-body phase-space (x1, x2, p1, p2, t), whose usual Poisson brackets

{f (xa, pa, t), g(xa, pa, t)} :=
∑
a

(
∂f

∂x ia

∂g

∂pai
−

∂f

∂pai

∂g

∂x ia

)
satisfy the Poincaré algebra [here ηµν = diag (−1,+1,+1,+1) and c = 1]:

{Pµ,Pν} = 0,

{Pµ, Jρσ} = −ηµρ Pσ + ηµσ Pρ,

{Jµν , Jρσ} = −ηνρ Jµσ + ηµρ Jνσ + ησµ Jρν − ησν Jρµ.

One decomposes Pµ and Jµν into: the total energy P0 = H (including the
rest-mass contribution), three momentum P i , angular momentum
J i := 1

2 ε
ik` Jk`, and boost vector K i := J i0 (K i represents the constant of

motion associated to the center of mass theorem).
One further decomposes the boost vector K i as

K i (xa, pa, t) ≡ G i (xa, pa)− t P i (xa, pa),

where G i is the center-of-mass(energy) vector.



Poincaré Algebra (2/4)

The Poincaré algebra relations explicitly read{
Pi ,Pj

}
= 0,

{
Ji , Jj

}
= εijkJk ,{

Ji , Pj

}
= εijkPk ,

{Pi , H} = 0, {Ji , H} = 0,{
Ji , Gj

}
= εijkGk ,

{Gi , H} = Pi ,{
Gi , Pj

}
= c−2Hδij ,{

Gi , Gj

}
= −c−2εijkJk .

These relations have to be fulfilled with 4PN accuracy.



Poincaré Algebra (3/4)

The Hamiltonian H entering Poincaré algebra is the full 4PN-accurate
Hamiltonian,

H≤4PN[xa, pa] = H local
≤4PN(xa, pa) + Hnonlocal

4PN [xa, pa],

H local
≤4PN(xa, pa) =

∑
a

mac
2 + HN(xa, pa) + H1PN(xa, pa) + H2PN(xa, pa)

+ H3PN(xa, pa) + H local
4PN (xa, pa).

The nonlocal-in-time piece Hnonlocal
4PN is Galileo invariant, because

...
I ij = −2

GµM

r3
12

(
4 x
〈i
12v

j〉
12 −

3
r12

(n12 · v12) x
〈i
12 x

j〉
12

)
.



Poincaré Algebra (4/4)

The Hamiltonian H is translationally and rotationally invariant, therefore the
total linear and angular momenta are simply realized as

Pi (xa, pa) =
∑
a

pai , Ji (xa, pa) =
∑
a

εijkx
j
apak .

They exactly satisfy the relations {Pi ,Pj} = 0, {Ji , Jj} = εijkJk ,
{Ji ,Pj} = εijkPk , {Pi ,H} = 0, {Ji ,H} = 0.



Looking for the 4PN-Accurate Center-of-Mass Vector:
the Method of Undetermined Coefficients (1/2)

The condition for full Poincaré invariance boils down to the existence of
a center-of-mass three-vector G satisfying the three non-trivial relations

{Gi , H} = Pi ,
{
Gi , Pj

}
= c−2Hδij ,

{
Gi , Gj

}
= −c−2εijkJk .

One constructs G as a vector from xa and pa only, therefore the relation{
Ji , Gj

}
= εijkGk

will be exactly satisfied.
The generic form of the three-vector G reads

G(xa, pa) =
∑
a

(
Ma(xb, pb) xa + Na(xb, pb) pa

)
,

where Ma and Na possess the following 4PN-accurate expansions

Ma = ma + M1PN
a + M2PN

a + M3PN
a + M4PN

a ,

Na = N2PN
a + N3PN

a + N4PN
a .



Looking for the 4PN-Accurate Center-of-Mass Vector:
the Method of Undetermined Coefficients (2/2)

One writes the most general expressions for the successive PN approximations to
the functions Ma and Na as sums of scalar monomials of the form

cn r
−n0
12

( p2
1

m2
1

)n1 (p1 · p2
m1m2

)n2 ( p2
2

m2
2

)n3(n12 · p1
m1

)n4 (n12 · p2
m2

)n5
mn6

1 mn7
2 ,

where n0, . . . , n7 are nonnegative integers, cn are dimensionless coefficients to be
determined.
One constrains the possible values of n0, . . . , n7 using dimensional analysis,
Euclidean covariance (including parity symmetry), time reversal symmetry
(which imposes that Ma is even and Na is odd under the operation pa → −pa),
and the 1↔ 2 relabeling symmetry.
At the 4PN level the most general patterns for the functions M4PN

a and N4PN
a

involve 210 coefficients cn.
To find them it is enough to use only the relation

{Gi , H} = Pi .

At the 4PN level it yields 525 equations to be satisfied by the coefficients cn.
One finds a unique solution to these equations. Then one checks that this
solution satisfies the remaining two Poincaré algebra relations:{

Gi , Pj

}
= c−2Hδij ,

{
Gi , Gj

}
= −c−2εijkJk .



4PN-Accurate Center-of-Mass Vector
(Jaranowski-Schäfer 2012, Damour-Jaranowski-Schäfer 2014)

G≤4PN(xa, pa) = m1 x1 +
1
c2

(
p2

1
2m1

−
Gm1m2

2r12

)
x1 +

1
c4

{(
−
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8
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1)2

m3
1

+
1
4
Gm1m2
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− 5
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1
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2
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2

+ 7
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+
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m1m2
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+

1
4
Gm1m2

r12
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r12

)
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5
4
G (n12 · p2) p1

}
+

1
c6

{[
(p2

1)3

16m5
1

+
1

16
Gm1m2

r12

(
9

(p2
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m4
1

+
(p2

2)2

m4
2
− 11
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1 p2
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1m
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− 2
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1m
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+ 3
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+
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Relative motion in the center-of-mass frame (p1 + p2 = 0):(
x1, x2, p1, p2

)
→ (r, p);

reduced variables in the center-of-mass frame:

r :=
x1 − x2
GM

, p :=
p1
µ

= −
p2
µ
, t̂ :=

t

GM
.

‘Non-relativistic’ (i.e. without rest-mass contribution) ADM Hamiltonian of the
2-point-mass system:

ĤNR :=
H − (m1 + m2)c2

µ
.



Conservative 3PN-accurate Hamiltonian describing relative motion

ĤNR (r, p) = ĤN (r, p) +
1
c2 Ĥ1PN (r, p)

+
1
c4 Ĥ2PN (r, p) +

1
c6 Ĥ3PN (r, p) ,

ĤN (r, p) =
1
2

p2 −
1
r
, . . . .

The functional form of the Hamiltonian ĤNR (r, p) is gauge dependent.



The relative-motion Hamiltonian ĤNR is invariant
under time translations and spatial rotations:

ĤNR (r, p) = h(r , (n · p)2, p2) (n := r/r),

therefore energy and angular momentum of the system are conserved:

Ê := ĤNR (r, p) , j :=
J

GµM
= r× p

(
J := x1 × p1 + x2 × p2

)
.



Polar coordinates (r , φ) in the plane of the relative trajectory:

r = (r cosφ, r sinφ, 0).

The Hamilton-Jacobi equation

∂Ŝ

∂ t̂
+ ĤNR

(
r,
∂Ŝ

∂r

)
= 0

has solution for the action integral Ŝ of the form

Ŝ :=
S

GµM
= −Ê t̂ + j φ+

∫
dr
√

R(r ; Ê , j),

R(r ; Ê , j) is the effective radial potential.



R is obtained by solving the equation

Ê = ĤNR (r, p) = h(r , (n · p)2, p2)

for p2
r [where pr := (n · p)], after having replaced p2 by

p2 = (n · p)2 + (n× p)2 = p2
r +

j2

r2 , with j := |j| :

Ê = h(r , p2
r , p

2
r + j2/r2) =⇒ R = R(r ; Ê , j) = p2

r (r ; Ê , j).

The effective radial potential R(r ; Ê , j) is given, at the 3PN order, by the 7th-order
polynomial in 1/r :

R(r ; Ê , j) = A +
2B
r

+
C

r2

+
D1PN

1
r3 +

D2PN
2
r4 +

D2PN
3
r5 +

D3PN
4
r6 +

D3PN
5
r7 .

The coefficients A, B, C start at Newtonian order, while the extra terms DnPN
i /r i+2

start at the indicated PN order. All the coefficients are polynomials in E and j2.



The Hamilton-Jacobi theory shows that the observables of the motion are deducible
from the (reduced) radial action integral,

ir (Ê , j) :=
1
π

∫ rmax

rmin

dr
√

R(r , Ê , j) = −j +
1√
−Ê

+O(c−2).

Periastron-to-periastron period:
P

2πGM
=

∂

∂Ê
ir (Ê , j) =

1
2

(−Ê)−3/2 +O(c−2),

periastron advance per orbit (∆Φ := Φ− 2π, where Φ is the change of the angle φ
between the two consecutive periastrons):

∆Φ

2π
= 1−

∂

∂j
ir (Ê , j) = 0 +O(c−2).



Delaunay variables (n, j ,m):

n := ir + j =
N

GµM
, j :=

J

GµM
, m := jz =

Jz

GµM
,

in the quantum language,
N/~ is the principal quantum number,
J/~ is the total angular momentum quantum number,
Jz/~ is the magnetic quantum number (by rotational symmetry, the magnetic
quantum number does not enter the Hamiltonian);
they are adiabatic invariants of the dynamics,
and they are (approximately) quantized in integers.

n − j = ir (Ê , j) =⇒ Ê = Ĥ(n, j).



3PN-accurate 2-point-mass Delaunay Hamiltonian

Ĥ(n, j) = −
1

2n2

(
1 +

1
c2 h1PN(n, j) +

1
c4 h2PN(n, j) +

1
c6 h3PN(n, j)

)
,

h1PN(n, j) =
6
jn
−

1
4

(15− ν)
1
n2 ,

h2PN(n, j) =
5
2

(7− 2ν)
1
j3n

+
27
j2n2 −

3
2

(35− 4ν)
1
jn3 +

1
8

(145− 15ν + ν2)
1
n4 ,

h3PN(n, j) =
1

64

(
7392 + (123π2 − 8000)ν + 336ν2

) 1
j5n

+
45
2

(7− 2ν)
1

j4n2

−
1

192

(
14544 + (123π2 − 22832)ν + 1920ν2

) 1
j3n3 −

45
2

(20− 3ν)
1

j2n4

+
3
2

(275− 50ν + 4ν2)
1
jn5 −

1
64

(6363− 805ν + 90ν2 − 5ν3)
1
n6 .



Angular frequencies of the rosette motion:

ωradial =
2π
P

=
1

GM

∂Ĥ(n, j)

∂n
=

1
GMn3 +O(c−2),

ωperiastron =
∆Φ

P
=

1
GM

∂Ĥ(n, j)

∂j
= 0 +O(c−2).
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Open Issues (1/2)

Completion of computations of 5PN, 5.5PN, 6PN, . . . EOM of two-point-mass
systems together with computation of gravitational-wave luminosities at 5PN,
5.5PN, 6PN, . . . orders, and construction of ≥5PN-accurate templates for
inspiralling compact binaries.
Computation, within the PN framework, higher-order spin-dependent effects and,
in the case of binaries containing neutron stars, higher-order tidal corrections.
Higher-order perturbative solutions of two-body problem are complicated, both
from computational and from conceptual point of view. Therefore it is highly
desired to have more than one independent derivation of any analytical result:

— making independent derivations (e.g. within the ADM Hamiltonian
approach) of gravitational-wave luminosities of two-point-mass system
at the 2PN, 3PN, 4PN, . . . order;

— making rederivation of 4PN two-body equations of motion
using an extended body model (in d = 3 space dimensions).



Open Issues (2/2)

Looking for a new treatment of regularization issues related to usage of
δ-sources, which would simplify higher-order PN computations.

— Replacing δ-sources by sources described by some sequence of classical
functions (“the δ sequence”); then there is no need for using distributional
derivatives of singular homogeneous functions.
At the 3PN level DJS (2008) successfully recomputed all UV logarithmically
divergent terms using d-dimensional Riesz kernels to model point masses.

— Looking for some extension/modification of Schwartz distribution theory
that would be suitable for purely 3-dimensional regularization.
Such an attempt was made by Blanchet & Faye (2000), but their “extended
Hadamard regularization” can not be combined with DR.

Recompute and regularize IR divergences in the 4PN two-point-mass ADM
Hamiltonian, without usage of gravitational self-force results and without
introducing any ambiguity parameter.
Try to increase the level of algorithmization and automatization of computation
of 2-point-mass ADM Hamiltonians,
starting from PN iterations of constraint equations up to UV/IR regularization,
performed using a mixture of 3-dimensional RH regularization and DR. Then
compute 2-point-mass Hamiltonians at orders 4.5PN, 5PN, 5.5PN, . . . .
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Exercises
1 Check all calculations in Example from Section 3 of these lectures.

2 Find φ(2) , S(4)1, S(4)2, and φ(4) in d dimensions.

3 Find V i
(3)

in d dimensions.

4 Compute the Newtonian Hamiltonian HN in d dimensions, HN = −
∫

dd x ∆φ(4) .

5 Compute the 1PN Hamiltonian H1PN in d dimensions, H1PN = −
∫

dd x ∆φ(6) . Hints. (i) Knowing that hTT
(4)ij
∼ r2−d for

r → ∞, show that the term φ(2),ij h
TT
(4)ij

does not contribute to the Hamiltonian. (ii) Show that

(π̃
ij
(3)

)2 = 2∂i (V i
(3)
π̃
ij
(3)

) − 2V i
(3)
∂j π̃

ij
(3)

. Does the term ∂i (V i
(3)
π̃
ij
(3)

) contribute to the Hamiltonian?

6 Using explicit formula for the leading-order dissipative Hamiltonian Hdiss
2.5PN (xa, pa, t) given in these lectures, compute

instantaneous GW luminosity in the leading-order. Then, assuming that the bodies in the system are moving along circular orbits,
average the instantaneous GW luminosity over one orbital period using Newtonian equations of motion. Computation perform in

d = 3 space dimensions. Answer: L(x ; ν) = 32c5
5G ν2x5.

Answers to Exercises 2–5.

κ :=
Γ (d/2 − 1)

4πd/2 , φ(2) = κ
∑
a

mar
2−d
a , φ(4) = −

1

2
S(4)1 +

d − 2

4(d − 1)
S(4)2, S(4)1 = −κ

∑
a

p2
a

ma
r2−d
a ,

S(4)2 = −κ2 ∑
a

∑
b 6=a

mambr
2−d
ab

r2−d
a , V i

(3) =
κ

8(d − 1)

∑
a

(
(3d − 2)pai + (d − 2)2(na · pa)nia

)
r2−d
a ,

HN(xa, pa) =
p2

1
2m1
−
κ(d − 2)

4(d − 1)

m1m2

r
d−2
12

+ (1 ↔ 2),

H1PN(xa, pa) = −
(p2

1)2

8m3
1

+
κ

4(d − 1)

( 1

2
(3d − 2)(p1 · p2) − d

m2
m1

p2
1 +

1

2
(d − 2)2(n12 · p1)(n12 · p2)

) 1

r
d−2
12

+
κ2(d − 2)2

8(d − 1)2
m2

1m2

r
2d−4
12

+ (1 ↔ 2).



Equations Needed to Solve Exercises

∆φ(2) = −
∑
a

maδa, ∆φ(4) =
∑
a

(
−

p2
a

2ma
+

(d − 2)ma

4(d − 1)
φ(2)

)
δa,

∆φ(6) =
∑
a

{ (p2
a)2

8m3
a

+
(d + 2)p2

a

8(d − 1)ma
φ(2) −

(d − 2)ma

8(d − 1)

(
S(4)1 +

d − 2

2(d − 1)

(
φ

2
(2) − S(4)2

))}
δa

− (π̃
ij
(3)

)2 +
d − 2

d − 1
φ(2),ij h

TT
(4)ij ,

∆V i
(3) +

d − 2

d
∂ij V

j
(3)

= −
1

2

∑
a

pai δa, π̃
ij
(3)

= ∂i V
j
(3)

+ ∂j V
i
(3) −

2

d
δ
ij
∂kV

k
(3),

∆S(4)1 =
∑
a

p2
a

ma
δa, ∆S(4)2 = φ(2)

∑
a

maδa.
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4 T.Damour and G.Schäfer, Redefinition of position variables and the reduction of higher order lagrangians, J Math Phys 32, 127
(1991).
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