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Radio Cherenkov effect

- EAS signals are amplified along specific directions

A Detection principle
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FIG. 14. Flux density � as a function of frequency and o↵-axis
angle  for an air shower with zenith angle ✓z = 71� and energy
of 108.8 GeV, simulated with ZHAireS [239]. At each frequency,
the flux density is computed as the power spectrum averaged
over a period of 10 ns. Figure taken from Ref. [240].

ring in the plane perpendicular to the shower propagation
axis. For more inclined showers, like the ones initiated
by Earth-skimming neutrinos and targeted by GRAND,
the peak emission comes from farther away, leading to
larger Cherenkov distances. A detailed description of the
Cherenkov e↵ect in air showers is given in Refs. [242, 243].

Shower geometry.— The di↵erent radio emission mecha-
nisms from air showers, combined with the Cherenkov ef-
fect, result in complex emission patterns in terms of am-
plitude, frequency, and polarization. They are well under-
stood and can be modeled in great detail if the shower ge-
ometry is known. Conversely, the radio-detection of an air
shower by a large number of antennas at di↵erent locations
can be used to reconstruct the shower geometry and infer
the properties of the primary particle; see Section IV E 3.

Figure 15 shows that, for vertical showers, the radio foot-
print is small and concentrated; dense antenna arrays, with
spacings smaller than 100 m, are needed to sample it. For
showers inclined by 75�, the elongated footprint spans an
area of several tens of km2, and sparser antenna arrays are
su�cient to sample it, as shown by AERA [246] and as
planned for GRAND.

Neutrino-initiated air-showers.— At EeV energies, the
neutrino-nucleon deep-inelastic-scattering cross section in-
creases roughly / E0.363 [247]. Thus, the interaction length
inside Earth decreases from 6 000 km at PeV to a few hun-
dred km at EeV, making the Earth opaque to even Earth-
skimming neutrinos. If the neutrino interaction is charged-
current, it produces an outgoing high-energy charged lepton
of the same flavor as the interacting neutrino, whose decay
or interaction products might be observable by GRAND,
depending on the flavor and on whether the charged lepton
is able to exit into the atmosphere.

If the interacting neutrino is a ⌫e, the outgoing elec-

FIG. 15. Radio footprint for various shower inclinations, from
CoREAS simulations [244]. Figure taken from Ref. [245].

tron initiates an electromagnetic shower that is promptly
damped by radiative energy losses. Typically, the shower is
short-lived, concentrated close to the neutrino interaction
vertex, and undetectable in radio. At ultra-high energies,
if the ⌫e interacts close to the Earth surface, a fraction
of the ensuing shower could emerge into the atmosphere
and produce coherent transition radiation in the MHz–
GHz range [248, 249], detectable by GRAND. The Landau-
Pomeranchuk-Migdal e↵ect [250–252] would suppress ra-
diative losses and elongate the shower, further improving
its chances of reaching the atmosphere [253]. However, at
1 EeV, the maximum column depth that the shower can
traverse is 3000–4000 g cm�2 [254], corresponding to only
30–40 m underground. Therefore, the e↵ective volume for
this detection channel is small. Accordingly, in the present
study we neglect the contribution of ⌫e interactions in rock.

If the interacting neutrino is a ⌫µ, the outgoing high-
energy muon can travel underground from its point of cre-
ation and exit into the atmosphere, since radiative losses
are suppressed due to the larger mass of the muon [255].
Because the range of the muon in the atmosphere is of sev-
eral kilometers, the probability that it decays above the
radio array and generates a detectable air shower is neg-
ligible. Therefore, for all practical purposes, GRAND will
not be sensitive to Earth-skimming ⌫µ.

If the interacting neutrino is a ⌫⌧ , it is possible to detect
the outgoing tau in GRAND. On the one hand, the tau is
heavier than the muon, so radiative losses are suppressed
even further. On the other hand, the short lifetime of the
tau (0.29 ps) gives it a range of 50 meters per PeV of energy
before decaying. As a result, a tau born from an UHE
⌫⌧ underground could exit the rock and decay above the
antenna array, triggering a particle shower that emits a
radio signal detectable by the antennas; later, we detail
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→ Cherenkov angle / Cherenkov cone
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- Phenomena related to a time compression effect (propagation effect)
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Zenith =

Cherenkov angle

- Time compression effect changes with shower configuration

- Seen through the change in the Cherenkov angle value

<latexit sha1_base64="UNWQpo6J3DRzkud/Jcg5r3eNl3s=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyd1ekrQIe6TfrniV/050CoJclKBHI1++as3UCQVVFrCsTHdwE9smGFtGeF0WuqlhiaYjPGQdh2VWFATZvN7p+jMKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUciEEyy+vktZFNahVa/eXlfpNHkcRTuAUziGAK6jDHTSgCQQ4PMMrvHmP3ov37n0sWgtePnMMf+B9/gAI8I/8</latexit>!c

<latexit sha1_base64="UNWQpo6J3DRzkud/Jcg5r3eNl3s=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyd1ekrQIe6TfrniV/050CoJclKBHI1++as3UCQVVFrCsTHdwE9smGFtGeF0WuqlhiaYjPGQdh2VWFATZvN7p+jMKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUciEEyy+vktZFNahVa/eXlfpNHkcRTuAUziGAK6jDHTSgCQQ4PMMrvHmP3ov37n0sWgtePnMMf+B9/gAI8I/8</latexit>!c

→ How to quantify and predict these changes in the Cherenkov angle value?
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Xmax

observers:

- ⍵ angle

- radial distance R 

emission points: 

- along the shower axis

- moving at c

frame centered on Xmax:

- emission time (t’) = 0

- angular coordinates omega

A bit of geometry
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Figure 2: E↵ective refractive index as a function of observer angle !, for the ZHAireS algorithm (blue solid
line) and the analytical computation (dashed orange line), and two zenith angles 60° (left panel) and 85°
(right panel). The bottom panels show the relative di↵erence between the two computations. The vertical
dotted black line represent the maximum observer angle allowed due to the Earth curvature.

location. This can be defined as

c(t � t0) = hn(R)i R , (5)

where R is the geometrical distance between the emission and the observer, and hn(R)i is the e↵ective
refractive index along the path (see Sec. 3.1). When a realistic refractive index is considered (i.e., non
constant with altitude), the relation between retarded time and observer time is non trivial. A critical point
can be defined where the relation becomes multi-valued, i.e., where several retarded times correspond to a
single observer time. This critical point depends on the inclination of the shower and on the observer location,
and defines the boost e↵ect of the emission if it occurs at the right altitude.

A corresponding boost factor can be formerly defined as the location in time and space where the amount
of emitted signal along the shower axis is observed over a small amount of time. This gives

dct0

dct
! 1 ()

dct

dct0
! 0 , (6)

for convenience we will work with the latter expression, where zero values are easier to handle than infinities.
Fig 3, shows the evolution of the derivative aforementioned, where we can clearly see that it cancels at specific
altitudes depending on the zenith of the shower, and observer location (!). Consequently a boosting e↵ect
appends at di↵erent altitude for di↵erent shower inclination. Thanks to the definition of the retarded time
and the expression of the e↵ective refractive index we can derive the expression of the boost factor as

dct

dct0
=

d hni

dct0
R + hni

dR

dct0
+ 1

=


d hni

dR
R + hni

�
dR

dct0
+ 1 . (7)

Using the general expression for the e↵ective refractive index : hn(R)i = 1 + k
RI(R), leads to

dct

dct0
=


1 + k

dI(R)

dR

�
dR

dct0
+ 1 , (8)

and since dR
dct0 = ct0�RX cos (!)

R (see App. A), we have

dct

dct0
= 1 +


1 + k

dI(R)

dR

�
ct0 � RX cos (!)

R
, (9)

where the detailed expression of dI(R)
dR is given in appendix C.

4

- Inflexion points <-> multi-valued function

- Depends on:


- shower geometry

- observer location

- Causal relation:
+ varying atmospheric refractive index

→ These inflexion points lead to a “time compression” effects

- One emission time → one specific altitude

- For each observer time corresponds at least 

one emission time
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line) and the analytical computation (dashed orange line), and two zenith angles 60° (left panel) and 85°
(right panel). The bottom panels show the relative di↵erence between the two computations. The vertical
dotted black line represent the maximum observer angle allowed due to the Earth curvature.

location. This can be defined as

c(t � t0) = hn(R)i R , (5)

where R is the geometrical distance between the emission and the observer, and hn(R)i is the e↵ective
refractive index along the path (see Sec. 3.1). When a realistic refractive index is considered (i.e., non
constant with altitude), the relation between retarded time and observer time is non trivial. A critical point
can be defined where the relation becomes multi-valued, i.e., where several retarded times correspond to a
single observer time. This critical point depends on the inclination of the shower and on the observer location,
and defines the boost e↵ect of the emission if it occurs at the right altitude.

A corresponding boost factor can be formerly defined as the location in time and space where the amount
of emitted signal along the shower axis is observed over a small amount of time. This gives

dct0

dct
! 1 ()

dct

dct0
! 0 , (6)

for convenience we will work with the latter expression, where zero values are easier to handle than infinities.
Fig 3, shows the evolution of the derivative aforementioned, where we can clearly see that it cancels at specific
altitudes depending on the zenith of the shower, and observer location (!). Consequently a boosting e↵ect
appends at di↵erent altitude for di↵erent shower inclination. Thanks to the definition of the retarded time
and the expression of the e↵ective refractive index we can derive the expression of the boost factor as
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=
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+ 1
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Using the general expression for the e↵ective refractive index : hn(R)i = 1 + k
RI(R), leads to

dct
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=
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+ 1 , (8)

and since dR
dct0 = ct0�RX cos (!)

R (see App. A), we have

dct

dct0
= 1 +


1 + k
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ct0 � RX cos (!)

R
, (9)

where the detailed expression of dI(R)
dR is given in appendix C.
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(right panel). The bottom panels show the relative di↵erence between the two computations. The vertical
dotted black line represent the maximum observer angle allowed due to the Earth curvature.

location. This can be defined as

c(t � t0) = hn(R)i R , (5)

where R is the geometrical distance between the emission and the observer, and hn(R)i is the e↵ective
refractive index along the path (see Sec. 3.1). When a realistic refractive index is considered (i.e., non
constant with altitude), the relation between retarded time and observer time is non trivial. A critical point
can be defined where the relation becomes multi-valued, i.e., where several retarded times correspond to a
single observer time. This critical point depends on the inclination of the shower and on the observer location,
and defines the boost e↵ect of the emission if it occurs at the right altitude.

A corresponding boost factor can be formerly defined as the location in time and space where the amount
of emitted signal along the shower axis is observed over a small amount of time. This gives

dct0

dct
! 1 ()

dct

dct0
! 0 , (6)

for convenience we will work with the latter expression, where zero values are easier to handle than infinities.
Fig 3, shows the evolution of the derivative aforementioned, where we can clearly see that it cancels at specific
altitudes depending on the zenith of the shower, and observer location (!). Consequently a boosting e↵ect
appends at di↵erent altitude for di↵erent shower inclination. Thanks to the definition of the retarded time
and the expression of the e↵ective refractive index we can derive the expression of the boost factor as

dct

dct0
=

d hni

dct0
R + hni

dR

dct0
+ 1

=


d hni

dR
R + hni

�
dR

dct0
+ 1 . (7)

Using the general expression for the e↵ective refractive index : hn(R)i = 1 + k
RI(R), leads to

dct

dct0
=


1 + k

dI(R)

dR

�
dR

dct0
+ 1 , (8)

and since dR
dct0 = ct0�RX cos (!)

R (see App. A), we have

dct

dct0
= 1 +


1 + k

dI(R)

dR

�
ct0 � RX cos (!)

R
, (9)

where the detailed expression of dI(R)
dR is given in appendix C.

4

- Inflexion points == derivatives become infinite

- Derivative → “boost factor” (c.f. vector potential formulae)

→ numerically more “stable”

→ For each observer location and shower configuration corresponds at least one boosted altitude

→ How to relate this to the Cherenkov effect/angle?
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location. This can be defined as

c(t � t0) = hn(R)i R , (5)

where R is the geometrical distance between the emission and the observer, and hn(R)i is the e↵ective
refractive index along the path (see Sec. 3.1). When a realistic refractive index is considered (i.e., non
constant with altitude), the relation between retarded time and observer time is non trivial. A critical point
can be defined where the relation becomes multi-valued, i.e., where several retarded times correspond to a
single observer time. This critical point depends on the inclination of the shower and on the observer location,
and defines the boost e↵ect of the emission if it occurs at the right altitude.

A corresponding boost factor can be formerly defined as the location in time and space where the amount
of emitted signal along the shower axis is observed over a small amount of time. This gives

dct0

dct
! 1 ()

dct

dct0
! 0 , (6)

for convenience we will work with the latter expression, where zero values are easier to handle than infinities.
Fig 3, shows the evolution of the derivative aforementioned, where we can clearly see that it cancels at specific
altitudes depending on the zenith of the shower, and observer location (!). Consequently a boosting e↵ect
appends at di↵erent altitude for di↵erent shower inclination. Thanks to the definition of the retarded time
and the expression of the e↵ective refractive index we can derive the expression of the boost factor as

dct

dct0
=

d hni

dct0
R + hni

dR

dct0
+ 1

=


d hni

dR
R + hni

�
dR

dct0
+ 1 . (7)

Using the general expression for the e↵ective refractive index : hn(R)i = 1 + k
RI(R), leads to

dct

dct0
=


1 + k

dI(R)

dR

�
dR

dct0
+ 1 , (8)

and since dR
dct0 = ct0�RX cos (!)

R (see App. A), we have

dct

dct0
= 1 +


1 + k

dI(R)

dR

�
ct0 � RX cos (!)

R
, (9)

where the detailed expression of dI(R)
dR is given in appendix C.
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→ We need an analytical expression of the effective refractive index!

Boost factor: analytical point of view

From the retarded/observer time relation:
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Figure 2: E↵ective refractive index as a function of observer angle !, for the ZHAireS algorithm (blue solid
line) and the analytical computation (dashed orange line), and two zenith angles 60° (left panel) and 85°
(right panel). The bottom panels show the relative di↵erence between the two computations. The vertical
dotted black line represent the maximum observer angle allowed due to the Earth curvature.

location. This can be defined as

c(t � t0) = hn(R)i R , (5)

where R is the geometrical distance between the emission and the observer, and hn(R)i is the e↵ective
refractive index along the path (see Sec. 3.1). When a realistic refractive index is considered (i.e., non
constant with altitude), the relation between retarded time and observer time is non trivial. A critical point
can be defined where the relation becomes multi-valued, i.e., where several retarded times correspond to a
single observer time. This critical point depends on the inclination of the shower and on the observer location,
and defines the boost e↵ect of the emission if it occurs at the right altitude.

A corresponding boost factor can be formerly defined as the location in time and space where the amount
of emitted signal along the shower axis is observed over a small amount of time. This gives

dct0

dct
! 1 ()

dct

dct0
! 0 , (6)

for convenience we will work with the latter expression, where zero values are easier to handle than infinities.
Fig 3, shows the evolution of the derivative aforementioned, where we can clearly see that it cancels at specific
altitudes depending on the zenith of the shower, and observer location (!). Consequently a boosting e↵ect
appends at di↵erent altitude for di↵erent shower inclination. Thanks to the definition of the retarded time
and the expression of the e↵ective refractive index we can derive the expression of the boost factor as

dct
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=

d hni

dct0
R + hni

dR

dct0
+ 1

=


d hni

dR
R + hni

�
dR
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+ 1 . (7)

Using the general expression for the e↵ective refractive index : hn(R)i = 1 + k
RI(R), leads to

dct

dct0
=


1 + k

dI(R)

dR

�
dR

dct0
+ 1 , (8)

and since dR
dct0 = ct0�RX cos (!)

R (see App. A), we have

dct

dct0
= 1 +


1 + k

dI(R)

dR

�
ct0 � RX cos (!)

R
, (9)

where the detailed expression of dI(R)
dR is given in appendix C.
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→ Variation of: effective refractive index + observer distance
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Figure 2: E↵ective refractive index as a function of observer angle !, for the ZHAireS algorithm (blue solid
line) and the analytical computation (dashed orange line), and two zenith angles 60° (left panel) and 85°
(right panel). The bottom panels show the relative di↵erence between the two computations. The vertical
dotted black line represent the maximum observer angle allowed due to the Earth curvature.

location. This can be defined as

c(t � t0) = hn(R)i R , (5)

where R is the geometrical distance between the emission and the observer, and hn(R)i is the e↵ective
refractive index along the path (see Sec. 3.1). When a realistic refractive index is considered (i.e., non
constant with altitude), the relation between retarded time and observer time is non trivial. A critical point
can be defined where the relation becomes multi-valued, i.e., where several retarded times correspond to a
single observer time. This critical point depends on the inclination of the shower and on the observer location,
and defines the boost e↵ect of the emission if it occurs at the right altitude.

A corresponding boost factor can be formerly defined as the location in time and space where the amount
of emitted signal along the shower axis is observed over a small amount of time. This gives

dct0

dct
! 1 ()

dct

dct0
! 0 , (6)

for convenience we will work with the latter expression, where zero values are easier to handle than infinities.
Fig 3, shows the evolution of the derivative aforementioned, where we can clearly see that it cancels at specific
altitudes depending on the zenith of the shower, and observer location (!). Consequently a boosting e↵ect
appends at di↵erent altitude for di↵erent shower inclination. Thanks to the definition of the retarded time
and the expression of the e↵ective refractive index we can derive the expression of the boost factor as
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=

d hni
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R + hni

dR

dct0
+ 1

=
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R + hni
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+ 1 . (7)

Using the general expression for the e↵ective refractive index : hn(R)i = 1 + k
RI(R), leads to

dct

dct0
=


1 + k

dI(R)

dR

�
dR

dct0
+ 1 , (8)

and since dR
dct0 = ct0�RX cos (!)

R (see App. A), we have

dct

dct0
= 1 +


1 + k

dI(R)
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�
ct0 � RX cos (!)
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, (9)

where the detailed expression of dI(R)
dR is given in appendix C.
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Effective refractive index: thermal atmospheric model
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Figure 1: Sketch representing the studied geometry, which takes into account the curvature of the Earth. The
shower is hitting the ground with a local zenith angle ✓. The Xmax location is symbolized as the black spiky
sphere along the shower axis, with a local altitude hX , a local zenith angle ✓̄, and a longitudinal distance
L to the shower core. Any observer (i.e., antenna) is defined by its ! angle w.r.t the shower axis, and the
distance RX to Xmax. Any emission produced along the shower axis is defined by its longitudinal position l,
its distance R, and viewing angle � to the observer.

This exponential profile is used by the state of the art of the microscopic EAS simulations (e.g., ZHAireS
[10, 13]), and is parameterized by two constants k = 3.25.10�4, and C = 0.1218 km�1. It corresponds to the
averaged index of refraction along the traveled path R between the observer and the emission position. It is
defined as

hn(R)i =

R R
0 dr n(r)
R R
0 dr

, (2)

where dr denotes an infinitesimal length along the traveled path, which is assumed to follow a straight line.
From the expression of the refractive index given by Eq.1, we see that Eq.2 is reduced to

hn(R)i = 1 +
k

R

Z R

0
e�Ch(r) dr ⌘ 1 +

k

R
I(R) . (3)

App. B presents the integration of the term I(R). Thanks to a second order development of h(r), this leads
to:

I(R) =

r
⇡RL
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Where the expression of � =
�
1 � cos2 (�)

�
is given in App. A. Fig. 2 displays the comparison between the

exact ZHAireS computation of the e↵ective refractive index, and our analytical expression based on Eqs.3-4
for two shower inclinations: ✓ = 60° and 85°; and di↵erent observer locations: ! ranging from �2° up to
1.1 ⇥ !max, with !max defined as the maximal angle visible due to the Earth curvature (see App. A). The
bottom plots display the relative error, for these inclined and very inclined cases, which remains below ⇠ 0.2%
at worst.

3.2 Boost factor and Cherenkov angles

The time compression e↵ect stems from the causal relation between emission time t0 and observer time t,
which are related through the optical path traveled by light between the emission location and the observer

3
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Figure 1: Sketch representing the studied geometry, which takes into account the curvature of the Earth. The
shower is hitting the ground with a local zenith angle ✓. The Xmax location is symbolized as the black spiky
sphere along the shower axis, with a local altitude hX , a local zenith angle ✓̄, and a longitudinal distance
L to the shower core. Any observer (i.e., antenna) is defined by its ! angle w.r.t the shower axis, and the
distance RX to Xmax. Any emission produced along the shower axis is defined by its longitudinal position l,
its distance R, and viewing angle � to the observer.

This exponential profile is used by the state of the art of the microscopic EAS simulations (e.g., ZHAireS
[10, 13]), and is parameterized by two constants k = 3.25.10�4, and C = 0.1218 km�1. It corresponds to the
averaged index of refraction along the traveled path R between the observer and the emission position. It is
defined as

hn(R)i =

R R
0 dr n(r)
R R
0 dr

, (2)

where dr denotes an infinitesimal length along the traveled path, which is assumed to follow a straight line.
From the expression of the refractive index given by Eq.1, we see that Eq.2 is reduced to

hn(R)i = 1 +
k

R

Z R

0
e�Ch(r) dr ⌘ 1 +

k

R
I(R) . (3)

App. B presents the integration of the term I(R). Thanks to a second order development of h(r), this leads
to:

I(R) =

r
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Where the expression of � =
�
1 � cos2 (�)

�
is given in App. A. Fig. 2 displays the comparison between the

exact ZHAireS computation of the e↵ective refractive index, and our analytical expression based on Eqs.3-4
for two shower inclinations: ✓ = 60° and 85°; and di↵erent observer locations: ! ranging from �2° up to
1.1 ⇥ !max, with !max defined as the maximal angle visible due to the Earth curvature (see App. A). The
bottom plots display the relative error, for these inclined and very inclined cases, which remains below ⇠ 0.2%
at worst.

3.2 Boost factor and Cherenkov angles

The time compression e↵ect stems from the causal relation between emission time t0 and observer time t,
which are related through the optical path traveled by light between the emission location and the observer

3

- Corresponding analytical expression:

→ Depends distance emission observer = R
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RX

Figure 1: Sketch representing the studied geometry, which takes into account the curvature of the Earth. The
shower is hitting the ground with a local zenith angle ✓. The Xmax location is symbolized as the black spiky
sphere along the shower axis, with a local altitude hX , a local zenith angle ✓̄, and a longitudinal distance
L to the shower core. Any observer (i.e., antenna) is defined by its ! angle w.r.t the shower axis, and the
distance RX to Xmax. Any emission produced along the shower axis is defined by its longitudinal position l,
its distance R, and viewing angle � to the observer.

This exponential profile is used by the state of the art of the microscopic EAS simulations (e.g., ZHAireS
[10, 13]), and is parameterized by two constants k = 3.25.10�4, and C = 0.1218 km�1. It corresponds to the
averaged index of refraction along the traveled path R between the observer and the emission position. It is
defined as

hn(R)i =

R R
0 dr n(r)
R R
0 dr

, (2)

where dr denotes an infinitesimal length along the traveled path, which is assumed to follow a straight line.
From the expression of the refractive index given by Eq.1, we see that Eq.2 is reduced to

hn(R)i = 1 +
k

R

Z R

0
e�Ch(r) dr ⌘ 1 +

k

R
I(R) . (3)

App. B presents the integration of the term I(R). Thanks to a second order development of h(r), this leads
to:

I(R) =

r
⇡RL

2C�
e

RLC cos2 (�)

2�

"
erf

 r
RLC

2
�

✓
R

RL �
cos (�)

�

◆!
+ erf

 r
RLC cos2 (�)

2�

!#
. (4)

Where the expression of � =
�
1 � cos2 (�)

�
is given in App. A. Fig. 2 displays the comparison between the

exact ZHAireS computation of the e↵ective refractive index, and our analytical expression based on Eqs.3-4
for two shower inclinations: ✓ = 60° and 85°; and di↵erent observer locations: ! ranging from �2° up to
1.1 ⇥ !max, with !max defined as the maximal angle visible due to the Earth curvature (see App. A). The
bottom plots display the relative error, for these inclined and very inclined cases, which remains below ⇠ 0.2%
at worst.

3.2 Boost factor and Cherenkov angles

The time compression e↵ect stems from the causal relation between emission time t0 and observer time t,
which are related through the optical path traveled by light between the emission location and the observer
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n(h) = 1 + ke�Chwith

- Derivative:

B Refractive index computations

In this appendix we detail how to integrate the e↵ective refractive index. The starting point for this compu-
tation is given by combining Eqs. 1 and 2. However the exact expression for h(r) is too complicated to be
used directly in the computation of I(R). Therefore, we develop h(r) (Eq. 14) at the second order in terms
of r/RL
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1
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r3

R3L

!
, (22)

this developments is truncated but, the error is less than 40m at 300 km. Which is precise enough for our
purpose.

After injecting the developed expression for h(r) into Eqs. 1 and 2, we have
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Let us focus on the integral part, which can be rewritten as follow
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Finally leading to hn(R)i = 1 + k
RI(R). Fig 2 displays the comparison between a numerical computation of

the e↵ective refractive index assuming a curved ground and its analytic derivation obtained here.

C Cherenkov angles computations

In order to obtain the analytical expression for the computation of the Cherenkov angle defined by Eq. 10,
and expressed in Eq. 9, we need the derivative of I(R), given by

dI(R)
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= I(R)
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with
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LX � ct0 + RL cos (✓)

[ct0 � RX cos (!)]
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h0 + RL⇤ . (28)

This expression once plugged into Eq. 9, allows to compute the boost e↵ect over all the parameter space
(e.g., shower altitude and observer location). Then fixing the shower altitude to the expected Xmax altitude
allows to obtain the Cherenkov angles.
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Effective refractive index: analytical accuracy

- If we reduce the numerical integration step of ZHAireS down to 1m
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→ Numerical computation converges to the analytical result
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Figure 2: E↵ective refractive index as a function of observer angle !, for the ZHAireS algorithm (blue solid
line) and the analytical computation (dashed orange line), and two zenith angles 60° (left panel) and 85°
(right panel). The bottom panels show the relative di↵erence between the two computations. The vertical
dotted black line represent the maximum observer angle allowed due to the Earth curvature.

location. This can be defined as

c(t � t0) = hn(R)i R , (5)

where R is the geometrical distance between the emission and the observer, and hn(R)i is the e↵ective
refractive index along the path (see Sec. 3.1). When a realistic refractive index is considered (i.e., non
constant with altitude), the relation between retarded time and observer time is non trivial. A critical point
can be defined where the relation becomes multi-valued, i.e., where several retarded times correspond to a
single observer time. This critical point depends on the inclination of the shower and on the observer location,
and defines the boost e↵ect of the emission if it occurs at the right altitude.

A corresponding boost factor can be formerly defined as the location in time and space where the amount
of emitted signal along the shower axis is observed over a small amount of time. This gives

dct0

dct
! 1 ()

dct

dct0
! 0 , (6)

for convenience we will work with the latter expression, where zero values are easier to handle than infinities.
Fig 3, shows the evolution of the derivative aforementioned, where we can clearly see that it cancels at specific
altitudes depending on the zenith of the shower, and observer location (!). Consequently a boosting e↵ect
appends at di↵erent altitude for di↵erent shower inclination. Thanks to the definition of the retarded time
and the expression of the e↵ective refractive index we can derive the expression of the boost factor as

dct

dct0
=

d hni

dct0
R + hni

dR

dct0
+ 1

=


d hni

dR
R + hni

�
dR

dct0
+ 1 . (7)

Using the general expression for the e↵ective refractive index : hn(R)i = 1 + k
RI(R), leads to

dct

dct0
=


1 + k

dI(R)

dR

�
dR

dct0
+ 1 , (8)

and since dR
dct0 = ct0�RX cos (!)

R (see App. A), we have

dct

dct0
= 1 +


1 + k

dI(R)

dR

�
ct0 � RX cos (!)

R
, (9)

where the detailed expression of dI(R)
dR is given in appendix C.

4

- At which altitudes and for 
which observer the time 
compression effect is 
maximal?

→ Boost factor mapping becomes asymmetrical with shower inclination

Depends on ct’ <-> z and 
omega
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Figure 3: (Left:) evolution of the derivative dct0

dct as a function of the retarded time altitude, for di↵erent
shower inclinations, at a fixed observer position ! = 0.3°. (Right:) evolution of the boost altitude where
the derivative cancels as a function of inclinations and for di↵erent observer locations. We clearly see the
dependencies of both the inclination and the observer location on the altitude of the boosting e↵ect.

Everywhere this multi-valued function cancels to zero a boosting e↵ect can be seen. Now, a boosting
e↵ect is seen if particles are emitting. The combination of a distribution of emitting particles and the causal
connection between retarded times and observer times (shaped by the e↵ective refractive index), leads to
what is called the radio Cherenkov e↵ect and its Cherenkov cone (or angles).

This boosting e↵ect defines the Cherenkov cone, which can be defined as the angle !Ch (w.r.t the shower
axis), where the boost is visible. Formally we can set

dct

dct0

����
!=!Ch

= 0 , (10)

Fig. 4 shows the evolution of the derivative as a function of shower altitude z and observer location !, for
di↵erent shower inclinations. The red line displays the points where the derivative cancels and lead to a
boosting e↵ect. It is clearly visible that many location along the shower can be boosted, however we assume
that the Cherenkov cone is produced where the maximum of particle are emitting (i.e., Xmax or close-by) and
is seen at the observer location corresponding to the boosting e↵ect at the emitting altitude. This is formerly
done by fixing the retarded time to the Xmax time (i.e, ct0 = 0 in our conventions). The evolution of both
the Xmax altitude and boosting e↵ect with inclination leads to a varying Cherenkov angle !Ch. This e↵ect
has already been reported in simulation studies, where a displacement of the Cherenkov angle, depending on
early and late observers is visible, which increases when the showers become more inclined (see e.g., [?, 12]).

Interestingly, if we set the refractive index to be constant hni = n, Eq. 7 becomes

dct

dct0
= n

ct0 � RX cos (!)

R
+ 1 . (11)

Then because the Cherenkov angle is defined when dct
dct0 = 0 (see Eq. 10) at Xmax location, i.e., ct0 = 0, which

implies R = RX by definition, we find

�n cos (!) + 1 = 0 , (12)

leading to the well known Cherenkov ”standard” angle formula !Ch = arccos (1/n).

4 Comparison with simulations

We assess the accuracy of our model by comparing the analytical predictions against simulations for the
values of the Cherenkov angles.
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Fig. 4 shows the evolution of the derivative as a function of shower altitude z and observer location !, for
di↵erent shower inclinations. The red line displays the points where the derivative cancels and lead to a
boosting e↵ect. It is clearly visible that many location along the shower can be boosted, however we assume
that the Cherenkov cone is produced where the maximum of particle are emitting (i.e., Xmax or close-by) and
is seen at the observer location corresponding to the boosting e↵ect at the emitting altitude. This is formerly
done by fixing the retarded time to the Xmax time (i.e, ct0 = 0 in our conventions). The evolution of both
the Xmax altitude and boosting e↵ect with inclination leads to a varying Cherenkov angle !Ch. This e↵ect
has already been reported in simulation studies, where a displacement of the Cherenkov angle, depending on
early and late observers is visible, which increases when the showers become more inclined (see e.g., [?, 12]).

Interestingly, if we set the refractive index to be constant hni = n, Eq. 7 becomes
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Then because the Cherenkov angle is defined when dct
dct0 = 0 (see Eq. 10) at Xmax location, i.e., ct0 = 0, which

implies R = RX by definition, we find

�n cos (!) + 1 = 0 , (12)

leading to the well known Cherenkov ”standard” angle formula !Ch = arccos (1/n).

4 Comparison with simulations

We assess the accuracy of our model by comparing the analytical predictions against simulations for the
values of the Cherenkov angles.
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Figure 3: (Left:) evolution of the derivative dct0

dct as a function of the retarded time altitude, for di↵erent
shower inclinations, at a fixed observer position ! = 0.3°. (Right:) evolution of the boost altitude where
the derivative cancels as a function of inclinations and for di↵erent observer locations. We clearly see the
dependencies of both the inclination and the observer location on the altitude of the boosting e↵ect.

Everywhere this multi-valued function cancels to zero a boosting e↵ect can be seen. Now, a boosting
e↵ect is seen if particles are emitting. The combination of a distribution of emitting particles and the causal
connection between retarded times and observer times (shaped by the e↵ective refractive index), leads to
what is called the radio Cherenkov e↵ect and its Cherenkov cone (or angles).

This boosting e↵ect defines the Cherenkov cone, which can be defined as the angle !Ch (w.r.t the shower
axis), where the boost is visible. Formally we can set

dct

dct0

����
!=!Ch

= 0 , (10)

Fig. 4 shows the evolution of the derivative as a function of shower altitude z and observer location !, for
di↵erent shower inclinations. The red line displays the points where the derivative cancels and lead to a
boosting e↵ect. It is clearly visible that many location along the shower can be boosted, however we assume
that the Cherenkov cone is produced where the maximum of particle are emitting (i.e., Xmax or close-by) and
is seen at the observer location corresponding to the boosting e↵ect at the emitting altitude. This is formerly
done by fixing the retarded time to the Xmax time (i.e, ct0 = 0 in our conventions). The evolution of both
the Xmax altitude and boosting e↵ect with inclination leads to a varying Cherenkov angle !Ch. This e↵ect
has already been reported in simulation studies, where a displacement of the Cherenkov angle, depending on
early and late observers is visible, which increases when the showers become more inclined (see e.g., [?, 12]).

Interestingly, if we set the refractive index to be constant hni = n, Eq. 7 becomes

dct

dct0
= n

ct0 � RX cos (!)

R
+ 1 . (11)

Then because the Cherenkov angle is defined when dct
dct0 = 0 (see Eq. 10) at Xmax location, i.e., ct0 = 0, which

implies R = RX by definition, we find

�n cos (!) + 1 = 0 , (12)

leading to the well known Cherenkov ”standard” angle formula !Ch = arccos (1/n).

4 Comparison with simulations

We assess the accuracy of our model by comparing the analytical predictions against simulations for the
values of the Cherenkov angles.
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Everywhere this multi-valued function cancels to zero a boosting e↵ect can be seen. Now, a boosting
e↵ect is seen if particles are emitting. The combination of a distribution of emitting particles and the causal
connection between retarded times and observer times (shaped by the e↵ective refractive index), leads to
what is called the radio Cherenkov e↵ect and its Cherenkov cone (or angles).

This boosting e↵ect defines the Cherenkov cone, which can be defined as the angle !Ch (w.r.t the shower
axis), where the boost is visible. Formally we can set
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= 0 , (10)

Fig. 4 shows the evolution of the derivative as a function of shower altitude z and observer location !, for
di↵erent shower inclinations. The red line displays the points where the derivative cancels and lead to a
boosting e↵ect. It is clearly visible that many location along the shower can be boosted, however we assume
that the Cherenkov cone is produced where the maximum of particle are emitting (i.e., Xmax or close-by) and
is seen at the observer location corresponding to the boosting e↵ect at the emitting altitude. This is formerly
done by fixing the retarded time to the Xmax time (i.e, ct0 = 0 in our conventions). The evolution of both
the Xmax altitude and boosting e↵ect with inclination leads to a varying Cherenkov angle !Ch. This e↵ect
has already been reported in simulation studies, where a displacement of the Cherenkov angle, depending on
early and late observers is visible, which increases when the showers become more inclined (see e.g., [?, 12]).

Interestingly, if we set the refractive index to be constant hni = n, Eq. 7 becomes

dct
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= n

ct0 � RX cos (!)

R
+ 1 . (11)

Then because the Cherenkov angle is defined when dct
dct0 = 0 (see Eq. 10) at Xmax location, i.e., ct0 = 0, which

implies R = RX by definition, we find

�n cos (!) + 1 = 0 , (12)

leading to the well known Cherenkov ”standard” angle formula !Ch = arccos (1/n).

4 Comparison with simulations

We assess the accuracy of our model by comparing the analytical predictions against simulations for the
values of the Cherenkov angles.
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Everywhere this multi-valued function cancels to zero a boosting e↵ect can be seen. Now, a boosting
e↵ect is seen if particles are emitting. The combination of a distribution of emitting particles and the causal
connection between retarded times and observer times (shaped by the e↵ective refractive index), leads to
what is called the radio Cherenkov e↵ect and its Cherenkov cone (or angles).

This boosting e↵ect defines the Cherenkov cone, which can be defined as the angle !Ch (w.r.t the shower
axis), where the boost is visible. Formally we can set

dct

dct0
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!=!Ch

= 0 , (10)

Fig. 4 shows the evolution of the derivative as a function of shower altitude z and observer location !, for
di↵erent shower inclinations. The red line displays the points where the derivative cancels and lead to a
boosting e↵ect. It is clearly visible that many location along the shower can be boosted, however we assume
that the Cherenkov cone is produced where the maximum of particle are emitting (i.e., Xmax or close-by) and
is seen at the observer location corresponding to the boosting e↵ect at the emitting altitude. This is formerly
done by fixing the retarded time to the Xmax time (i.e, ct0 = 0 in our conventions). The evolution of both
the Xmax altitude and boosting e↵ect with inclination leads to a varying Cherenkov angle !Ch. This e↵ect
has already been reported in simulation studies, where a displacement of the Cherenkov angle, depending on
early and late observers is visible, which increases when the showers become more inclined (see e.g., [?, 12]).

Interestingly, if we set the refractive index to be constant hni = n, Eq. 7 becomes

dct

dct0
= n

ct0 � RX cos (!)

R
+ 1 . (11)

Then because the Cherenkov angle is defined when dct
dct0 = 0 (see Eq. 10) at Xmax location, i.e., ct0 = 0, which

implies R = RX by definition, we find

�n cos (!) + 1 = 0 , (12)

leading to the well known Cherenkov ”standard” angle formula !Ch = arccos (1/n).

4 Comparison with simulations

We assess the accuracy of our model by comparing the analytical predictions against simulations for the
values of the Cherenkov angles.
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→ standard result is retrieved when considering a constant index of refraction

→

Xmax: ->

<->

What about the Cherenkov angle?

→ What happens with a varying refractive index?
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Cherenkov angle(s)

- Select emission at Xmax (ct’=0)

- Find where the inverse boost factor reaches 0 (for omega)
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repeated for 
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configuration

-> we see the Cherenkov asymmetry
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Comparison to simulations

- Star shape layout

- ZHAireS

- Error bars: std of distrib “+" antenna step

→ Good accuracy between the model and the simulations
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Generalisation to layered atmospheric models:

- We can apply the same framework for layered atmospheric models

Iron becomes larger than for Protons. This is because Xmax is higher in the atmosphere for Iron, so less
low-frequency content adds up near the core, and the !Ch value is less shifted.

This behavior suggests that, at low inclinations, emission e↵ects become increasingly important. Since
our current model includes only propagation e↵ects, it fails to reproduce the features observed in the filtered
simulations.

Figure 6: Evolution of !c as a function of inclination along the direction of propagation (only early side).
The dots represent the values obtained from the simulations for Protons (black) and Irons (red) and the
square are the values derived from the analytical model. The error bar is computed as the quadratic sum of
the mean standard deviation and the systematic error, which accounts for the step size between each tested
value of !. [I think if we split the simulations between Iron/Proton we should also do the same for the
model.]

5 Generalization to a multi-layered atmospheric model

Following the same approach as presented in Sec. 3, we can derive analytical expressions for the e↵ective
refractive index, boost factor and Cherenkov angles, in more realistic multi-layered atmospheric models.

The atmosphere is divided into di↵erent layers with each layer following a specific exponential profile [].
In our case, we focus on the Lindsley model.

In the Aires simulation code [13] the di↵erent layers are parameterized as follow

nl(h) = 1 + k
bl

cl
e�h/cl , (13)

where the index l refers to the atmospheric layer number l, and k is the Gladstone Dale constant which
translates air density to refractive index.

Similarly to what is presented in Sec. 3, we first compute an analytical expression for the e↵ective refractive
index (as in Sec.3.1), and then derive the expressions for the boost factor and the Cherenkov angles (as in
Sec.3.2). All the detailed expressions are presented in App. D.

Fig. 7 shows the evolution of the boost factor as a function of altitude and observer location (similarly
to Fig. 4) in the case of the Lindsley atmospheric model. We observe the same general behavior as for the
”standard” atmospheric model, with some slight deviations as expected.

Finally, we compare our model, obtained for the Lindsley atmospheric profile, against simulations, as
done in Sec. 4.

8

- Layered refractive index:

<latexit sha1_base64="6IEFCPMXj6hqrcGCpWbRrBoFopw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD0YuM9w==</latexit>

h
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<latexit sha1_base64="k+i2M3q2RwkB8nwM8nlIrdOjIjM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0IM69XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs2LiletVO8vy7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AGw8Y1t</latexit>

l � 1
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l + 1

→ These models describe more accurately the variation of refractive index with altitude
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ground level
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upper atmosphere
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Figure 8: Comparison between the ZHAireS atmosphere computation and the Lindsley atmospheric model,
for a zenith angle of 60° (left) and 85° (right).

D Lindsley atmospheric model

By using Eq. 13 into Eq. 2 the e↵ective refractive index, for the Lindsley atmospheric profile, can be written
as

hn(R)i = 1 +
k

R

"
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bl

cl

Z Rl+1

Rl

dr e�h(r)/cl +
bL
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Z R

RL

dr e�h(r)/cL

#
, (29)

where Rl represent the maximal distance along the total line of sight R in the atmospheric layer l. Considering
the triangle

�
hl + RL, Rl, RL�

, wen can find the expression

Rl = RL cos (�) +
q

R2L cos2 (�) + h2
l + 2hlRL , (30)

with Rl=0 = 0 by definition. Eq. 29 can be rewritten, thanks to the developments obtained previously (see
Sec. 3.1 and App. B), as
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Fig 8 displays a comparison between the numerical implementation in ZHAireS and the analytical com-
putation detailed here, for the Lindsley atmospheric model. We see, in particular, that the discrepancies are
much below the 5% level.

Finally, in order to obtain the analytical expression for the Cherenkov angle (defined by Eqs. 9-10), we

need the expression of the derivative dI(R)
dR in the case of the Lindsley atmospheric model
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- Effective layered refractive index:
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By using Eq. 13 into Eq. 2 the e↵ective refractive index, for the Lindsley atmospheric profile, can be written
as

hn(R)i = 1 +
k

R

"
LX

l=0

bl

cl

Z Rl+1

Rl

dr e�h(r)/cl +
bL

cL

Z R

RL

dr e�h(r)/cL

#
, (29)

where Rl represent the maximal distance along the total line of sight R in the atmospheric layer l. Considering
the triangle

�
hl + RL, Rl, RL�

, wen can find the expression

Rl = RL cos (�) +
q

R2L cos2 (�) + h2
l + 2hlRL , (30)

with Rl=0 = 0 by definition. Eq. 29 can be rewritten, thanks to the developments obtained previously (see
Sec. 3.1 and App. B), as

hn(R)i = 1 +
k

R

"
LX

l=0

El(R)
bl

cl
[erf (ul(R, Rl+1)) � erf (ul(R, Rl))] + EL(R)

bL

cL
[erf (uL(R, R)) � erf (uL(R, RL))]

#
,

(31)

with

El(R) =

r
⇡RLcl

2�
e

RL cos2 (�)

2cl� , (32)

ul(R, x) =

s
RL�

2cl

✓
x

RL �
cos (�)

�

◆
. (33)

Fig 8 displays a comparison between the numerical implementation in ZHAireS and the analytical com-
putation detailed here, for the Lindsley atmospheric model. We see, in particular, that the discrepancies are
much below the 5% level.

Finally, in order to obtain the analytical expression for the Cherenkov angle (defined by Eqs. 9-10), we

need the expression of the derivative dI(R)
dR in the case of the Lindsley atmospheric model

dI(R)

dR
=

LX

l=0

bl

cl


dEl(R)

dR
[erf (ul(R, Rl+1)) � erf (ul(R, Rl))] +

2
p

⇡
El(R)


dul(R, Rl+1)

dR
e�ul(R,Rl+1)

2

�
dul(R, Rl)

dR
e�ul(R,Rl)

2

��

+
bL

cL


dEL(R)

dR
[erf (uL(R, R)) � erf (uL(R, RL))] +

2
p

⇡
EL(R)


duL(R, R)

dR
e�uL(R,R)2

�
duL(R, RL)

dR
e�uL(R,RL)2

��
,

(34)

12

0 5 10 15 20 25
1.6

1.7

(n
e�

�
1)

⇥
10

4

� =60.0°
ZHAireS Lindsley

Analytic (Lindsley)

�max (curved Earth)

0 5 10 15 20 25

� (deg)

�1.0

�0.8

di
�e

re
nc

es
(%

) ZHS Lindsley - Analytic

�max (curved Earth)

�2 �1 0 1 2

1.2

1.4

(n
e�

�
1)

⇥
10

4

� =85.0°
ZHAireS Lindsley

Analytic (Lindsley)

�max (curved Earth)

�2 �1 0 1 2

� (deg)

�3.0

�2.5

�2.0

di
�e

re
nc

es
(%

) ZHS Lindsley - Analytic

�max (curved Earth)

Figure 8: Comparison between the ZHAireS atmosphere computation and the Lindsley atmospheric model,
for a zenith angle of 60° (left) and 85° (right).

D Lindsley atmospheric model
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Fig 8 displays a comparison between the numerical implementation in ZHAireS and the analytical com-
putation detailed here, for the Lindsley atmospheric model. We see, in particular, that the discrepancies are
much below the 5% level.
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Generalisation to layered atmospheric models:
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→ Slight changes compared to the thermal atmospheric model

- Here: Lindsley model
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Comparison to simulations

- Star shape layout

- ZHAireS

- Error bars: std of distrib “+" antenna step

Well… coming soon
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Conclusion and perspectives

The Cherenkov effects can be accurately described using propagation effect principles

- This analytical model allows to:


- compute the Cherenkov angles

- to reproduce the asymmetry seen in simulations


- The analytical expressions for the effective refractive index are obtained:

- with relative errors < 3% 

- and numerical computation times improved by a factor ~2 to ~O(10,000) (on Python!)

Possible future works:

- Implement the Cherenkov angle computation in reconstruction methods (e.g., ADF)

- Develop new reconstruction methods based on this model?

- Investigate the implementation of the n_eff computation into simulations


