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Neutrino-heating process:
• Shock wave stalls due to accreting matter and fails to explode.
• Neutrinos work as mediators because of their weakly-coupling nature with matter.
• Neutrinos transfer their energy from the hotter core to the colder 

stalled shock.

Neutrino transport is essential in the theoretical studies/predictions.
 → One of the uncertainties is neutrino oscillation.
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FIG. 16: FFC growth rate in color in the quadrant of the meridian section for all the models.
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FIG. 16: FFC growth rate in color in the quadrant of the meridian section for all the models.
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explosion with the maximum shock radius reaching
1000 km in t ∼ 400 ms after bounce. See [74] for the
details of this simulation.

III. RESULTS

A. Overall properties

Top panels of Fig. 1 shows the time-radius maps of CFI
growth rate at θ ¼ 45° and 90°. CFI is expected to occur in
the region with a bright color. In fact, the black regions in
the plots have growth rates smaller than 10−9 cm−1, and we
do not think CFI is important there. It is clear at both angles
(and actually at all angles as shown in Fig. 2) that a CFI
region appears at t ∼ 50 ms for the first time and continues
to exist later on. This unstable region moves to smaller radii
as the protoneutron star contracts. It roughly corresponds to
the region with 1010 ≲ ρ≲ 1012 g cm−3, similar density
range as reported in a 1D study [64]. In the 2D case,
however, the radial extent of the region changes rather
rapidly in time whereas such time variations were absent in
the 1D model. This is due to the turbulence that occurs
commonly on the multidimensional models.
A closer inspection of the plots reveals another CFI

region deeper inside, r ∼ 20 km, at later times, t≳ 200 ms,
(see the magnified figures). It is very narrow but has greater
growth rates than the region mentioned above and was not

found in the 1D model. In fact, this corresponds to the
resonancelike CFI, a feature unique to multidimensional
models, as we discuss later.
For comparison we present the time-radius maps of the

FFI growth rate in the bottom panels of Fig. 1. The reddish
region is unstable to FFI this time. Note that the radial range
and the color scale are different between top and bottom
panels. The four dashed lines that show the locations of
ρ ¼ 1010, 1011, 1012, 1013 g cm−3 will help the correspon-
dence between the plots. There is a wide FFI region with
located at larger radii much outside than the CFI region in
general. In the late phase, t≳ 400 ms, however, the two
regions are partially overlapped with each other at θ ¼ 90°.
Note that we analyze CFI and FFI independently, assuming
that the latter is absent in the analysis of the former.
The spatial extents of the CFI and FFI regions in the

meridian section are shown in Fig. 2 at t ¼ 404 ms after
bounce. The resonancelike CFI occurs sporadically at r ∼
20 km whereas the nonresonance CFI regions prevail at
30≲ r≲ 40 km. The FFI region is extended at even larger
radii, r≳ 50 km, but also appears at almost the same
positions as the resonancelike CFI. Although the non-
resonance CFI region is mostly separated from the FFI
region, there are some overlaps (see the rightmost panel of
Fig. 2). It is apparent that it occurs in a convective eddy.
The growth rates of CFI and FFI tend to be higher around

FIG. 1. Time-radius map of the growth rate of CFI (top) and FFI (bottom) for the angle θ ¼ 45° and 90°. White broken lines, from top
to bottom, denote the radius for the density 1010, 1011, 1012, and 1013 g cm−3, respectively. Red broken line denote the shock radius.
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FIG. 1. Schematic representation of the equilibrium prescrip-
tion introduced in Equation (9) for Le,q > 0. The neutrino
gas reaches an equipartition between ⌫x and ⌫̄e, which are less
abundant than ⌫e, with Le,q remaining unchanged.

energy conservation and can be justified by the fact that
forward scattering does not change neutrino energies and
directions.

Let us first consider the 0th moment, i.e., the specific
neutrino number or energy densities. With our numerical
discretization, the number density of neutrinos of species
⌫↵ in the qth energy bin, n⌫↵,q, is related the neutrino
energy density E⌫↵,q in that bin by

n⌫↵,q =
E⌫↵,q

✏q
, (4)

with ✏q being the mean energy of the qth energy bin. In
the following, we will use a notation where the unprimed
variables refer to the initial values of the physical quanti-
ties (before applying our flavor conversion prescription),
and the primed variables refer to their flavor equilibrated
values (after applying our prescription). Our prescription
for the final number densities is based on four require-
ments:

• As discussed above, FFCs cannot change the to-
tal numbers of neutrinos and antineutrinos in each
energy bin. Hence, our prescription conserves the
summed numbers of neutrinos and antineutrinos
separately:

n⌫e,q + 2n⌫x,q = n0
⌫e,q + 2n0

⌫x,q ,

n⌫̄e,q + 2n⌫x,q = n0
⌫̄e,q + 2n0

⌫x,q . (5)

• FFCs themselves cannot change the neutrino ELN,
Le,q = n⌫e,q � n⌫̄e,q, which is therefore conserved
by our prescription:

Le,q = n⌫e,q � n⌫̄e,q = n0
⌫e,q � n0

⌫̄e,q = L0
e,q . (6)

• Any physical prescription should respect the Pauli
blocking. This can be an important issue in the re-
gions with high electron degeneracy, where also the

electron neutrino number densities can approach
the Pauli limit,

nPauli,q =
4⇡✏2q�✏q

(hc)3
, (7)

with �✏q being the width of the qth energy bin, and
⌫x ! ⌫e, ⌫̄e conversions should not overpopulate
the bins in order to avoid the violation of Pauli
blocking. This constraint is particularly relevant
for the lower energy bins with ✏q

<
⇠ kBT , when T is

the temperature of the fluid and kB the Boltzmann
constant.

• Although the physical quantities of the FFC equi-
librium state can in general be nonlinear and com-
plicated functions of their initial values [37–40, 52],
we assume here that the final quantities are linear
functions of the initial ones. Such a simple equi-
librium prescription can significantly constrain the
choices for the suitable expressions of the equilib-
rium values. In particular, our prescription is mo-
tivated by the flavor equilibrium observed for slow
modes and small values of ⌫e-⌫̄e asymmetries in 1D
neutrino gases [73]. Specifically, we assume an equi-
librium state where equipartition occurs between
⌫x and ⌫e or ⌫x and ⌫̄e, depending on whether elec-
tron neutrinos or antineutrinos, respectively, are
less abundant before applying our prescription (see
Figure 1). This implies that the flavor-equilibrium
number density neq,q in the qth energy bin of the
subdominant species is given by

neq,q =

(
n0

⌫̄e,q = n0
⌫x,q = 1

3 (n⌫̄e,q + 2n⌫x,q) , if Le,q > 0 ,

n0
⌫e,q = n0

⌫x,q = 1
3 (n⌫e,q + 2n⌫x,q) , if Le,q  0 .

(8)

Applying these conditions, the flavor-equilibrium val-
ues of the neutrino and antineutrino number densities
can be determined as

n0
⌫e,q = neq,q + max(0, Le,q) , (9a)

n0
⌫̄e,q = neq,q + max(0, �Le,q) , (9b)

n0
⌫x,q = neq,q , (9c)

for n0
⌫,q < nPauli,q. One can see that this prescription puts

the neutrino gas into equipartition up to the constraint
of ELN conservation. This is illustrated schematically
in Figure 1. It should be noted that in a realistic situ-
ation the induced neutrino flavor conversions might be
weaker than assumed in our prescription, which means
that our equilibration recipe maximizes the conversion
e↵ects, provided the lepton numbers of all three flavors
are conserved.

Our prescription can lead to an overpopulation of an
energy bin, putting there more neutrinos than is compat-
ible with the Pauli exclusion principle, i.e., n0

⌫,q > nPauli,q

could occur for ⌫e or ⌫̄e with number densities computed

Flavor conversion

Numerical setup and set of simulations.—Our simula-
tions were performed in axial symmetry (2D) with the
neutrino-hydrodynamics code ALCAR [30,31]. This is a
state-of-the-art, Eulerian, conservative, higher-order
Godunov-type finite-volume solver for the 1D and multi-
D fluid dynamics equations coupled to a two-moment
scheme for energy-dependent three-flavor neutrino trans-
port. It uses a well-tested implementation of all relevant
neutrino processes. The main features, input physics,
numerical setup of the models, and description of the
FFC implementation are provided in our earlier paper [29].
In the absence of a fundamental prescription, and to

enable a systematic parametric study, we assume that FFCs
take place in the entire volume where ρ < ρc, a chosen
density threshold value. We assume that pairwise νν̄ flavor
conversion is “instantaneous,” i.e., on length scales much
less than our numerical cells and timescales defined by our
computational time stepping. This approach is justified for
FFCs (and any other flavor conversion phenomenon) that
proceed on scales much below the resolution of full-scale
hydrodynamic CCSN models. We further assume that
FFCs lead to complete flavor equilibrium under the con-
straints of lepton number conservation for each flavor
individually, in particular also of electron-neutrino lepton
number, as well as energy and total momentum conserva-
tion, and with respecting the Pauli exclusion principle. Our
algorithm, defined in Eqs. (9), (10), (14), and (15) of
Ref. [29], is applied after each time step in each spatial cell

where ρ < ρc. Some recent studies have focused on the
asymptotic FFC state [32]. We stress that our recipe leads to
a converged state: it does not change if the algorithm is
applied twice.
Our simulations were evolved in 1D until 5 ms pb (post

bounce) and then mapped onto a 2D polar coordinate grid
consisting of 640 logarithmically spaced radial zones and
80 equidistant lateral ones. The central 2 km core was still
calculated in 1D, permitting larger time steps, yet having
negligible influence on the hydrodynamic evolution.
During the mapping, random cell-by-cell perturbations
of 0.1% of the local density were applied to seed the
hydrodynamic instabilities, which otherwise would
develop only due to uncontrolled numerical noise.
We selected three progenitors with different zero-age

main-sequencemasses. One is the 20M⊙ model [33] that we
used in our previous 1D study [29]. In addition, we
investigated a 9M⊙ [34] and 11.2M⊙ model [35]. The
9M⊙ star consistently explodes in multi-D simulations,
although in some more quickly and about twice as ener-
getically [6,8,36] than in others [31,37,38]. The 11.2M⊙
model is less ready to blowup, exhibiting a delayed and slow
onset of shock expansion [39–42]. In contrast, the 20M⊙ star
failed to explode inmostmulti-D simulations [31,37,43,44].
The convention for naming our simulations follows

our previous one [29], supplemented with a numerical value
for the stellar mass: M9.0-2D-xxx, M11.2-2D-xxx, and
M20.0-2D-xxx. Here, xxx is a placeholder for either noFC
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FIG. 1. Angle-averaged shock radii (top) and PNS radii (bottom; defined at ρ ¼ 1011 g cm−3) vs postbounce time for the indicated
models. Black solid lines: Models noFC (no flavor conversions). Colored solid lines: Instantaneous FFCs for ρ < ρc as labeled in the
legend. The unsteady motion of the average shocks with contraction and expansion phases is caused by the violent large-scale
convective mass flows in the neutrino heated gain layer behind the CCSN shock. The sudden growth of rshock (small at ∼100 ms for
M9.0-2D and prominent at ∼70 ms for M11.2-2D and at ∼220 ms for M20.0-2D) signals a decrease of mass accretion rate due to the
arrival of the Si=O interface. For the noFC models, we also show the angle-averaged gain radius (dashed black) and the mean radii for
ρ ¼ 109 and 1010 g cm−3 (dash-dotted and dotted black lines , respectively), all smoothed with 10 ms running averages. For the 9.0 and
11.2M⊙ progenitors, FFCs support an earlier onset of the explosion, whereas for 20.0M⊙ they thwart it and the shock recedes even
more rapidly.
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FIG. 1. Angle-averaged shock radii (top) and PNS radii (bottom; defined at ρ ¼ 1011 g cm−3) vs postbounce time for the indicated
models. Black solid lines: Models noFC (no flavor conversions). Colored solid lines: Instantaneous FFCs for ρ < ρc as labeled in the
legend. The unsteady motion of the average shocks with contraction and expansion phases is caused by the violent large-scale
convective mass flows in the neutrino heated gain layer behind the CCSN shock. The sudden growth of rshock (small at ∼100 ms for
M9.0-2D and prominent at ∼70 ms for M11.2-2D and at ∼220 ms for M20.0-2D) signals a decrease of mass accretion rate due to the
arrival of the Si=O interface. For the noFC models, we also show the angle-averaged gain radius (dashed black) and the mean radii for
ρ ¼ 109 and 1010 g cm−3 (dash-dotted and dotted black lines , respectively), all smoothed with 10 ms running averages. For the 9.0 and
11.2M⊙ progenitors, FFCs support an earlier onset of the explosion, whereas for 20.0M⊙ they thwart it and the shock recedes even
more rapidly.
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FIG. 1. Angle-averaged shock radii (top) and PNS radii (bottom; defined at ρ ¼ 1011 g cm−3) vs postbounce time for the indicated
models. Black solid lines: Models noFC (no flavor conversions). Colored solid lines: Instantaneous FFCs for ρ < ρc as labeled in the
legend. The unsteady motion of the average shocks with contraction and expansion phases is caused by the violent large-scale
convective mass flows in the neutrino heated gain layer behind the CCSN shock. The sudden growth of rshock (small at ∼100 ms for
M9.0-2D and prominent at ∼70 ms for M11.2-2D and at ∼220 ms for M20.0-2D) signals a decrease of mass accretion rate due to the
arrival of the Si=O interface. For the noFC models, we also show the angle-averaged gain radius (dashed black) and the mean radii for
ρ ¼ 109 and 1010 g cm−3 (dash-dotted and dotted black lines , respectively), all smoothed with 10 ms running averages. For the 9.0 and
11.2M⊙ progenitors, FFCs support an earlier onset of the explosion, whereas for 20.0M⊙ they thwart it and the shock recedes even
more rapidly.
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FIG. 1. Angle-averaged shock radii (top) and PNS radii (bottom; defined at ρ ¼ 1011 g cm−3) vs postbounce time for the indicated
models. Black solid lines: Models noFC (no flavor conversions). Colored solid lines: Instantaneous FFCs for ρ < ρc as labeled in the
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more rapidly.

PHYSICAL REVIEW LETTERS 131, 061401 (2023)

061401-2

11.2 M⦿

20 M⦿

(noFC = traditional moment transport)

Phenomenological Approach in 1D/2D

Simple prescriptions:
 - Flavor equipartition
     below ρ < ρcrit.

This may over-/under-estimate the impact 
but can change the shock dynamics.
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Phenomenological Approach for GW
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FIG. 3. GW strains and their spectrograms for a SN distance of 10 kpc vs. time after bounce, shown for an observer at
the equator. The di!erent panels correspond to our 2D SN simulations of 9M→ (top row), 11.2M→ (middle row), and 20M→
progenitors (bottom row), considering di!erent FC scenarios: noFC (left panels) and FC at ω < ωc = 1013 g cm↑3 (middle
column) and ω < ωc = 1014 g cm↑3 (right panels). Our noFC models possess extended periods (lasting 70–100ms) of relative
quiescence after a short post-bounce phase of GW activity due to prompt postshock convection, whereas the models with FCs
exhibit strong GW emission over a wide frequency range during this time interval. Analogous results for ωc = 109, 1010, 1011,
and 1012 g cm↑3 are provided in the End Matter.

eral orders of magnitude larger than unity [32]. However,
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Fig. 5. The GW strain h times the distance D = 8.5 kpc to the supernova
event as a function of time. The observer is assumed to be located in the
equatorial direction. The solid curves show the plus-mode and the broken
curves show the cross-mode. Note that the scale for the Osc-10 Model is
different from the others.

attributed to the prolate morphology (see, e.g., Murphy et al. 2009)
and a high explosion energy for the Osc-10 Model.

Figure 6 shows the GW spectrum

hchar =

√
2G

ωc3D2

dEGW

df
, (3)

where dEGW/df is the GW spectral energy density, for the NoOsc
and Osc-10 Models. One can find that a peak at f → 1 kHz
for NoOsc Model vanishes for the Osc-10 Model because the
mass accretion on the protoneutron star is suppressed. It is also
found that a low-frequency component at f → 10Hz is higher for
Osc-10 Model because of the “memory” effect (Murphy et al.
2009) induced by the prolate morphology. For both models, the
GW signals are below the sensitivity curves for current GW de-
tectors LIGO (LIGO Scientific Collaboration et al. 2015), Virgo
(Acernese et al. 2015), and KAGRA (Akutsu et al. 2021), if
the supernova event is located at D = 8.5 kpc. However, the
signals can be a target of next-generation detectors including
Einstein Telescope (ET; Hild et al. 2008) and Cosmic Explorer
(CE; Srivastava et al. 2022), whose sensitivity is expected to reach
hchar → 10→24–10→25.

4 Conclusions
In this study, we performed three-dimensional supernova simula-
tions of the 11.2M↑ progenitor taking in account neutrino flavor
conversions in a phenomenological way following the method de-
veloped in Ehring et al. (2023a, 2023b). Specifically, we assumed
that flavor equipartition is realized when the density is lower than
a critical value εc. It is found that the ϑx ↑ ϑe, ϑ̄e enhances the

Fig. 6. The GW spectrum from a supernova event at D = 8.5 kpc away for
the NoOsc and Osc-10 Models. The sensitivity curves for Advanced LIGO,
Advanced Virgo, KAGRA, ET, and CE are also shown.

mean energy of ϑ̄e and, as a result, the explosion energy is in-
creased. In particular, when εc = 1010 g cm→3, the explosion en-
ergy reaches → 1051 erg at tpb → 0.3 s, which is an order of mag-
nitude larger than the no-oscillation case and can even exceed the
observed value for typical supernova events. In addition, the ϑ̄e
event number observed by water-Cherenkov detectors decreases,
because the ϑx luminosity and the mean energy are suppressed.
We also find that the low-frequency GW signal is developed when
εc=1010 g cm→3. However, it would be difficult to detect GW sig-
nals from a supernova event at the Galactic center with the current
GW detectors, regardless of εc (Abbott et al. 2016).

Our results indicate that the neutrino flavor conversion could
significantly affect supernova dynamics and multi-messenger sig-
nals from nearby events. However, the condition for the flavor
conversions and their asymptotic state are still under debate. It
is desirable to investigate these issues on the basis of the quan-
tum kinetic equation to go beyond the phenomenological treatment
adopted here. Recent studies on the CFI showed that oscillations
can occur in the region of ε=1010–1012 g cm→3, regardless of pro-
genitors and spatial dimensionality (Liu et al. 2023; Akaho et al.
2024). From this viewpoint, our results could be interpreted as
models with CFI, although its asymptotic state may not be full fla-
vor equipartition (Kato et al. 2024).

We note that IDSA, the neutrino transport treatment adopted in
our simulations, adopts a ray-by-ray approximation. However, the
information on the angular distribution is necessary to determine
the unstable region for FFI. Therefore, it would be worthwhile to
adopt transport schemes that retain the angular distribution, includ-
ing the SN scheme (Sumiyoshi & Yamada 2012).

Since three-dimensional simulations are computationally ex-
pensive, we focused only on the 11.2M↑ progenitor model.
However, Ehring et al. (2023a) found that the effects of the flavor
equipartition depend on the progenitor mass. When they adopted a
20M↑ progenitor, the explosion was rather hindered in their two-
dimensional models. Aside from the progenitor dependence, the
flavor conversions would affect other observables such as explo-
sive nucleosynthesis (Fujimoto & Nagakura 2023), the neutron
star kick (Nagakura & Sumiyoshi 2024), and the mass functions
of black holes and neutron stars. Going forwards, it is therefore
desirable to perform three-dimensional simulations systematically.

ρcrit ~ 1010-12 g cm-3
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explosion with the maximum shock radius reaching
1000 km in t ∼ 400 ms after bounce. See [74] for the
details of this simulation.

III. RESULTS

A. Overall properties

Top panels of Fig. 1 shows the time-radius maps of CFI
growth rate at θ ¼ 45° and 90°. CFI is expected to occur in
the region with a bright color. In fact, the black regions in
the plots have growth rates smaller than 10−9 cm−1, and we
do not think CFI is important there. It is clear at both angles
(and actually at all angles as shown in Fig. 2) that a CFI
region appears at t ∼ 50 ms for the first time and continues
to exist later on. This unstable region moves to smaller radii
as the protoneutron star contracts. It roughly corresponds to
the region with 1010 ≲ ρ≲ 1012 g cm−3, similar density
range as reported in a 1D study [64]. In the 2D case,
however, the radial extent of the region changes rather
rapidly in time whereas such time variations were absent in
the 1D model. This is due to the turbulence that occurs
commonly on the multidimensional models.
A closer inspection of the plots reveals another CFI

region deeper inside, r ∼ 20 km, at later times, t≳ 200 ms,
(see the magnified figures). It is very narrow but has greater
growth rates than the region mentioned above and was not

found in the 1D model. In fact, this corresponds to the
resonancelike CFI, a feature unique to multidimensional
models, as we discuss later.
For comparison we present the time-radius maps of the

FFI growth rate in the bottom panels of Fig. 1. The reddish
region is unstable to FFI this time. Note that the radial range
and the color scale are different between top and bottom
panels. The four dashed lines that show the locations of
ρ ¼ 1010, 1011, 1012, 1013 g cm−3 will help the correspon-
dence between the plots. There is a wide FFI region with
located at larger radii much outside than the CFI region in
general. In the late phase, t≳ 400 ms, however, the two
regions are partially overlapped with each other at θ ¼ 90°.
Note that we analyze CFI and FFI independently, assuming
that the latter is absent in the analysis of the former.
The spatial extents of the CFI and FFI regions in the

meridian section are shown in Fig. 2 at t ¼ 404 ms after
bounce. The resonancelike CFI occurs sporadically at r ∼
20 km whereas the nonresonance CFI regions prevail at
30≲ r≲ 40 km. The FFI region is extended at even larger
radii, r≳ 50 km, but also appears at almost the same
positions as the resonancelike CFI. Although the non-
resonance CFI region is mostly separated from the FFI
region, there are some overlaps (see the rightmost panel of
Fig. 2). It is apparent that it occurs in a convective eddy.
The growth rates of CFI and FFI tend to be higher around

FIG. 1. Time-radius map of the growth rate of CFI (top) and FFI (bottom) for the angle θ ¼ 45° and 90°. White broken lines, from top
to bottom, denote the radius for the density 1010, 1011, 1012, and 1013 g cm−3, respectively. Red broken line denote the shock radius.
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explosion with the maximum shock radius reaching
1000 km in t ∼ 400 ms after bounce. See [74] for the
details of this simulation.

III. RESULTS

A. Overall properties

Top panels of Fig. 1 shows the time-radius maps of CFI
growth rate at θ ¼ 45° and 90°. CFI is expected to occur in
the region with a bright color. In fact, the black regions in
the plots have growth rates smaller than 10−9 cm−1, and we
do not think CFI is important there. It is clear at both angles
(and actually at all angles as shown in Fig. 2) that a CFI
region appears at t ∼ 50 ms for the first time and continues
to exist later on. This unstable region moves to smaller radii
as the protoneutron star contracts. It roughly corresponds to
the region with 1010 ≲ ρ≲ 1012 g cm−3, similar density
range as reported in a 1D study [64]. In the 2D case,
however, the radial extent of the region changes rather
rapidly in time whereas such time variations were absent in
the 1D model. This is due to the turbulence that occurs
commonly on the multidimensional models.
A closer inspection of the plots reveals another CFI

region deeper inside, r ∼ 20 km, at later times, t≳ 200 ms,
(see the magnified figures). It is very narrow but has greater
growth rates than the region mentioned above and was not

found in the 1D model. In fact, this corresponds to the
resonancelike CFI, a feature unique to multidimensional
models, as we discuss later.
For comparison we present the time-radius maps of the

FFI growth rate in the bottom panels of Fig. 1. The reddish
region is unstable to FFI this time. Note that the radial range
and the color scale are different between top and bottom
panels. The four dashed lines that show the locations of
ρ ¼ 1010, 1011, 1012, 1013 g cm−3 will help the correspon-
dence between the plots. There is a wide FFI region with
located at larger radii much outside than the CFI region in
general. In the late phase, t≳ 400 ms, however, the two
regions are partially overlapped with each other at θ ¼ 90°.
Note that we analyze CFI and FFI independently, assuming
that the latter is absent in the analysis of the former.
The spatial extents of the CFI and FFI regions in the

meridian section are shown in Fig. 2 at t ¼ 404 ms after
bounce. The resonancelike CFI occurs sporadically at r ∼
20 km whereas the nonresonance CFI regions prevail at
30≲ r≲ 40 km. The FFI region is extended at even larger
radii, r≳ 50 km, but also appears at almost the same
positions as the resonancelike CFI. Although the non-
resonance CFI region is mostly separated from the FFI
region, there are some overlaps (see the rightmost panel of
Fig. 2). It is apparent that it occurs in a convective eddy.
The growth rates of CFI and FFI tend to be higher around

FIG. 1. Time-radius map of the growth rate of CFI (top) and FFI (bottom) for the angle θ ¼ 45° and 90°. White broken lines, from top
to bottom, denote the radius for the density 1010, 1011, 1012, and 1013 g cm−3, respectively. Red broken line denote the shock radius.
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FIG. 2. Time evolution of transition probability Pex (top)
of electron-type neutrinos and flavor coherency |ωex| (bot-
tom), respectively. Collisional rates for antineutrinos are
R̄0 = 1 km→1, and color contours for lines correspond to neu-
trino energy dependence. Dotted line corresponds to unstable
mode exhibited in Fig. 1.

A can bring similar behaviors [56]. The disparity in the
sign between A and ω produces the distinction between
the plus and minus modes. In the subsequent section,
the two unstable modes display quite di!erent behaviors
in both linear and nonlinear dynamics.

III. MULTI-ENERGY FLAVOR EVOLUTION

We perform the two representative cases, adopting the
higher and lower sides of reaction rates for antineutrinos,
R̄0 = 1 and 0.1 km→1. These choices correspond to two
unstable modes of CFI, the plus and minus modes, in
Fig. 1. The disparity in the reaction rates between neu-
trinos and antineutrinos can be attributed to the proper-
ties of background matter, such as electron fraction Ye.
Actually, εe opacity is about an order of magnitude more
dominant than that of ε̄e at the radii with Ye → 0.1, while
in the Ye → 0.5 regions they are comparable [11].

Figure 2 shows the time evolution of transition proba-
bility Pex(Eω) (top panel) of electron-type neutrinos and
flavor coherence |ϑex(Eω)| (bottom) with energy depen-
dency in the case of reaction rate R̄0 = 1 km→1. Neutri-
nos with the highest energy reach a flavor equipartition,
Pex → 0.5, at the asymptotic states, while lower ones have
monotonically weaker transition probabilities in the top
panel. In the bottom, isoenergetic exponential growth

FIG. 3. Time evolution of the norm ||P || of the polarization
vector (top) and the angle of P3 relative to the z-axis in the
flavor space for neutrinos. In the bottom panel, all colored
lines are overlapped.

proceeds in the linear phase, and then energy-dependent
collisional decoherence makes the system return to the
flavor eigenstates in the later phase. This result is con-
sistent with what was reported in the previous work [55].
Note that in this figure, the flavor coherence |ϑex| or
||P↑|| is normalized so as to make the initial P3 unity.
This means that the spectral structure of the transition
probability and the flavor coherence does not include the
neutrino distribution functions. Now, since we assume
the same reaction rate for antineutrinos as that for neu-
trinos, such conversion properties become similar, and we
do not present them in the figure.

To cultivate the understanding of the nonlinear behav-
iors, we exhibit the time evolution of the norm of the po-
larization vector for neutrinos in the top panel of Fig. 3.
The polarization vector with the highest neutrino energy
completely collapses within the Bloch sphere, while the
ones for neutrinos with lower energy remain almost at
pure states. The following equation gives this norm evo-
lution;

dt ||P ||
2 = ↑2RE ||P↑||

2
. (20)

Since the flavor coherence ||P→|| grows isoenergetically,
the spectral structure of the norm shrinking is deter-
mined by the energy dependence of reaction rates RE .
So, the length of the polarization vector shortens mono-
tonically with ↓ E

2
ω in the energy domain. Meanwhile,

the bottom panel of Fig. 3 exhibits the angle of P3 rela-
tive to the third axis (hereafter denoted as the z-axis) in

6
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Time t [µs]

FIG. 4. Same as Fig. 2, but collision rates R̄0 = 0.1 km→1 for antineutrinos.

IV. FLAVOR ANALYSIS

A. Flavor Analysis by Eigenvector

Under the assumptions of isotropic and homogeneous
neutrino background, the eigenvector associated with the
unstable mode in Eq. (9) can be recast into

Q̃E = (ωee → ωxx)
1

ε + iRE
(23)

and the amplitude is given by
∣∣∣Q̃E

∣∣∣ = (ωee → ωxx)
1√

ε2
r + (εi + RE)2

, (24)

where ε = εr + iεi. The energy dependence can be
produced by reaction rates, except for the neutrino dis-
tributions. Recalling Eq. (16), the real parts of ε± are
approximated to Re(ε±) = →A ± |A|. When the sign
of A is positive, the real part of the plus mode vanishes,
while the minus mode has →2A in the real part. In the
limit of A

2
↑ |Gϑ|, the value of A (or the self-interaction

potential) is much larger than reaction rates. This means

that the amplitude of the eigenvector is
∣∣∣Q̃E

∣∣∣ ↓ |εr|
→1

in the minus mode and becomes independent of neutrino
energy because εr exceeds the other terms in the denom-
inator in Eq. (24). On the other hand, the plus mode ε+

becomes almost pure complex, and so the amplitude has
energy dependence with (εi + RE)→1.

Figure 6 demonstrates the energy dependence of the
eigenvector Q̃E for both the plus and minus modes in
the case of R̄0 = 0.1 km→1. As noted above, the minus
mode is homogeneous in neutrino energy, and the plus
mode has a distribution peaked at lower energy. Note
that the eigenvector for antineutrinos becomes flatter be-
cause the collision rate R̄E is weaker than neutrinos. The
eigenvector says that flavor coherency should be evolved
with the energy distribution associated with the corre-
sponding unstable mode. This fact is consistent with the
isoenergetic exponential growth in Fig. 2 for R̄0 = 1km→1

because the plus mode is stable and only the minus mode
is active in this setup. On the other hand, in the case of
R̄0 = 0.1 km→1, both the minus and plus modes have non-
zero imaginary parts. Also, in our simulation setup, the
initial seed of flavor coherence is homogeneously given in
neutrino energy. Hence, the minus mode with the homo-
geneous eigenvector, which is a damping mode, reduces
the flavor coherence at first, and then the spectral compo-
nent with ↓ (εi+RE)→1 following the plus mode appears
excited. As confirmed from the bottom panel of Fig. 4,
neutrinos with the lower energy begin to grow before the
higher-energy neutrinos. Also, in the antineutrino sector
(right panel), the spectral deviation is smaller than in
the neutrino sector (left) because the spectral structure
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IV. FLAVOR ANALYSIS

A. Flavor Analysis by Eigenvector
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unstable mode in Eq. (9) can be recast into

Q̃E = (ωee → ωxx)
1

ε + iRE
(23)

and the amplitude is given by
∣∣∣Q̃E

∣∣∣ = (ωee → ωxx)
1√

ε2
r + (εi + RE)2

, (24)

where ε = εr + iεi. The energy dependence can be
produced by reaction rates, except for the neutrino dis-
tributions. Recalling Eq. (16), the real parts of ε± are
approximated to Re(ε±) = →A ± |A|. When the sign
of A is positive, the real part of the plus mode vanishes,
while the minus mode has →2A in the real part. In the
limit of A

2
↑ |Gϑ|, the value of A (or the self-interaction

potential) is much larger than reaction rates. This means

that the amplitude of the eigenvector is
∣∣∣Q̃E

∣∣∣ ↓ |εr|
→1

in the minus mode and becomes independent of neutrino
energy because εr exceeds the other terms in the denom-
inator in Eq. (24). On the other hand, the plus mode ε+

becomes almost pure complex, and so the amplitude has
energy dependence with (εi + RE)→1.

Figure 6 demonstrates the energy dependence of the
eigenvector Q̃E for both the plus and minus modes in
the case of R̄0 = 0.1 km→1. As noted above, the minus
mode is homogeneous in neutrino energy, and the plus
mode has a distribution peaked at lower energy. Note
that the eigenvector for antineutrinos becomes flatter be-
cause the collision rate R̄E is weaker than neutrinos. The
eigenvector says that flavor coherency should be evolved
with the energy distribution associated with the corre-
sponding unstable mode. This fact is consistent with the
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geneous eigenvector, which is a damping mode, reduces
the flavor coherence at first, and then the spectral compo-
nent with ↓ (εi+RE)→1 following the plus mode appears
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FIG. 2. Time evolution of transition probability Pex (top)
of electron-type neutrinos and flavor coherency |ωex| (bot-
tom), respectively. Collisional rates for antineutrinos are
R̄0 = 1 km→1, and color contours for lines correspond to neu-
trino energy dependence. Dotted line corresponds to unstable
mode exhibited in Fig. 1.

A can bring similar behaviors [56]. The disparity in the
sign between A and ω produces the distinction between
the plus and minus modes. In the subsequent section,
the two unstable modes display quite di!erent behaviors
in both linear and nonlinear dynamics.

III. MULTI-ENERGY FLAVOR EVOLUTION

We perform the two representative cases, adopting the
higher and lower sides of reaction rates for antineutrinos,
R̄0 = 1 and 0.1 km→1. These choices correspond to two
unstable modes of CFI, the plus and minus modes, in
Fig. 1. The disparity in the reaction rates between neu-
trinos and antineutrinos can be attributed to the proper-
ties of background matter, such as electron fraction Ye.
Actually, εe opacity is about an order of magnitude more
dominant than that of ε̄e at the radii with Ye → 0.1, while
in the Ye → 0.5 regions they are comparable [11].

Figure 2 shows the time evolution of transition proba-
bility Pex(Eω) (top panel) of electron-type neutrinos and
flavor coherence |ϑex(Eω)| (bottom) with energy depen-
dency in the case of reaction rate R̄0 = 1 km→1. Neutri-
nos with the highest energy reach a flavor equipartition,
Pex → 0.5, at the asymptotic states, while lower ones have
monotonically weaker transition probabilities in the top
panel. In the bottom, isoenergetic exponential growth

FIG. 3. Time evolution of the norm ||P || of the polarization
vector (top) and the angle of P3 relative to the z-axis in the
flavor space for neutrinos. In the bottom panel, all colored
lines are overlapped.

proceeds in the linear phase, and then energy-dependent
collisional decoherence makes the system return to the
flavor eigenstates in the later phase. This result is con-
sistent with what was reported in the previous work [55].
Note that in this figure, the flavor coherence |ϑex| or
||P↑|| is normalized so as to make the initial P3 unity.
This means that the spectral structure of the transition
probability and the flavor coherence does not include the
neutrino distribution functions. Now, since we assume
the same reaction rate for antineutrinos as that for neu-
trinos, such conversion properties become similar, and we
do not present them in the figure.

To cultivate the understanding of the nonlinear behav-
iors, we exhibit the time evolution of the norm of the po-
larization vector for neutrinos in the top panel of Fig. 3.
The polarization vector with the highest neutrino energy
completely collapses within the Bloch sphere, while the
ones for neutrinos with lower energy remain almost at
pure states. The following equation gives this norm evo-
lution;

dt ||P ||
2 = ↑2RE ||P↑||

2
. (20)

Since the flavor coherence ||P→|| grows isoenergetically,
the spectral structure of the norm shrinking is deter-
mined by the energy dependence of reaction rates RE .
So, the length of the polarization vector shortens mono-
tonically with ↓ E

2
ω in the energy domain. Meanwhile,

the bottom panel of Fig. 3 exhibits the angle of P3 rela-
tive to the third axis (hereafter denoted as the z-axis) in

+ Classical β-Equilibrium (Feedback)
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Summary & Conclusions

1. Refractive effects from background matter can lead to non-
negligible flavor conversion phenomena.

2. Neutrino flavor conversion can alter not only shock 
dynamics and neutrino signals but also GW signals 
from CCSN.

3. Direct computation of fast/collisional flavor 
conversion exhibits the angular / energy structure of the 
asymptotic states.

4. More accurate modeling of “Neutrino Flavor 
Conversion” into CCSN is running!!


