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Point symmetries of systems of PDEs
» System of m order n PDEs:

Ai(x,y7y(1),...,y(”))=0, ie{l,...,m} )

where yU) is the vector all j'th order derivatives.
» Point symmetry: Smooth transformation S : R9+9 — R9+9

SIoy)]=(%.9) )
which maps solutions of A =0 to new solutions, i.e. preserve the structure
of A:

A=0=>A=A%,9,9P,....9(M)=0 (3)
with
Py = S(2L o4 @

dxtedxte’ dRmdRHkC
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Field equations

» Want to let A be the field egs. of a theory with Lagrangian £ and action S

S = f LdxOdxT. (5)

» Consider variations of the fields y, demand stationary values of § =
Euler-Lagrange equations i.e. field equations

0 0

Eiﬁ :0, Ei=—-d —_— +..., i€ 1,...,q, (6)
( ) ay, Hay’,‘u { }

with d, = d/dx*, the total derivative.
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3 kinds of symmetries of the field equations

» Strict variational symmetries: First order variation
S(Ldx%--dx9 1) =0 (i)
» Divergence symmetries:
5(Ldx%--dx¥1) = d, B (ii)

» (i) and (ii) are variational symmetries, i.e. symmetries of the action S.
» (iii): Non-variational symmetries, only symmetries of E(L) =0
» = 3 Lie symmetry algebras

Gsvar € @var € 9EL (7)
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Finding the Lie point symmetries

» Lie point symmetry: A family point symmetries exp(tX) smoothly
connected to identity (i.e. not discrete)
Infinitesimal generator of a point transformation is a vector field

v

a 9
X=£“(x,y)@+n(x,y)a—y,, (8)

» From now on: ¢ = 0 (not considering spacetime trafos). Want to determine
n'(x,y) that generates symmetries.
» Have to consider the prolongation of X to derivatives:

i 0 i 0
prX =X+ (dun )8y’ + > (dudyn )8y’
ST 07

Hence, if X(¢1) = ¢» then pr X(0u¢1) = Ou¢2. Moreover,

+... (9)

v

prX(L)=90L. (10)
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The determining equations

v

Lie: (holds for general A): g is a symmetry algebra of E(£) =0 if and only if

(prX(Ei(£)))|e(c)=0=0 Vie{l,....q}, (1)

for all infinitesimal generators X € g.

(11) is called the determining equations D; = 0 of g.

D large, over-determined system of linear PDEs in the coefficients ¢#(x, y)
and n'(x,y)

We use the Mathematica package SyM to find D.’

v

v

v

'Dimas, S. and Tsoubelis, D. SYM: A new symmetry-finding package for Mathematica aNmy



Two-Higgs-doublet model (2HDM)

» Test our understanding and implementation of Lie’s method by applying
to a well-understood example: 2HDM:

2
L=-iwaw - 1B, B" + SU(D®) (DFd) - V(d1, ,), (12)
i=1

with Higgs doublets

_ L [1+igo _ 1 (Ps+ide
o Galntin) o el i) "

and most general potential
V(®1,®2) = m3; Iy + mZ, d3d, — [m?, dld, +h.c
+ AL (T 01)2 + 2 (DI 2)2 + A3 (@1 01) (@I D2) + Ma(01y) (d)01)
4[5 (0]92)7 + 26(@]01) (]92) + A7 (@] 02) (9] 42) + hoc.|. (14)
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v

v

v

v

2HDM: 24 Euler-Lagrange equations (16 gauge fields + 8 real, scalar fields)

E(L)=0, 1<i<24 = D;=0

We will only consider (purely) scalar symmetries, and set:

¢t =0, forall 0<u<3,
n'=0, forall 9<i<?24.

= Simplest determining equations:
0g,0pm' =0, forall 1<ij k<8,
= only affine scalar symmetries are possible:

n' =aj+ by, 1<ij<8,

(15)

(16)

(17)

(18)

and we substitute (18) into the determining egs.+demand all coefficients

of all distinct monomials in the fields are zero = D) = 0.
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Solutions of the determining equations
» By considering different parameter cases (like m?, = m3,) and reducing the
potential (like m2, = 3(\s) = 0) we can solve for the a;’s (= 0) and the bjj's.
» The different solutions correspond to symmetry algebras and generators

su(2)pr ® u(1)y =span(Hy, Hz, Xpq, Xy ), (19)

u(l); ®u(l)y =span(Hi, Xy), (20)

Equivalent { 1(1), ® u(1l)y =span(Hz, Xy), (21)
u(1)z®u(l)y =span(Xpq, Xy), (22)

u(1)y =span(Xy). (23)

for generators

Hy = 60y, — $504, + P804 — $704, + $2045 — P1045 + P40y, — 9304,  (24)
Hz = ¢504, + $60p, + $704, + 9804, — 91045 — 02045 — 9304, — P40gy,  (25)
Xpq = 9204, — 9104, + $40g, — $304, — G60ps + G505 — d80p, + G704,  (26)
Xy = =204, + 0104, — 9404, + $304, — P60ps + P50ps — P80y, + P704,  (27)
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The possible, inequivalent symmetry algebras

v

l.e. only three inequivalent symmetry algebras, su(2)pr @ u(1l)y,
u(l) ®@u(l)y and u(1)y, consistent with established theory.

» Moreover, we show that under "mild" conditions (satisfied by the 2HDM),
for kinetic terms T and a symmetry X we generally have

prX(T)=0= Xis strictly variational (28)

v

= all symmetries in the 2HDM are strictly variational, no matter the
different parameter conditions.

» = no divergence symmetries or non-variational symmetries in the 2HDM.
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SM+S
» The Lie symmetry method is "universal” and may be applied to any model,
e.g. the SM augmented by a real, scalar gauge singlet s:

Lsws = -3 W3, W — 2B, BM + (D) (D') +19,50"s - V(,5), (29)
V(®,s) = —p2dTd + A(DTD)2 + aus — prss? + ks° + Ags™
+ gy ®TDs + Ay ®T 52, (30)
» Again we only find affine, scalar symmetries (¢s = s)
n'=a;+by¢;, 1<i,j<b. (31)

» No reparametrization freedom, but a small subtlety concerning the linear
term as which usually, but not always, may be eliminated through a shift
s—>s-0.

» We find the 4 possible symmetries (only Xy and X; = ds variational),

a(l) ou(l)y, u(1)1 ®u(l)y, u(l)2 ®u(l)y, u(l)y. (32)
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SM+2S

» Lagrangian of SM+KS may be written, with sums up to K:
Lsms = -3 W3, W3 — 2B, B + (D) (D') + 10,s0"s - V(®,s), (33)
V(,s) = —20 0 + A(0T)?

+ Q;Sj — Z mi;s;s; + 2 RjjkSiSjSk + Z )\,jk/S,'SjSkS/
i<j i<j<k i<j<ks<l

+ris T+ 3 Njisi50T . (34)
i<j
» K =2: We only get affine, scalar symmetries (¢s = s1, ¢ = sp)

n'=aj+bjp; for 1<i j k<6, (35)

» Have to keep the potential reduced, due to O(2) reparametrization
freedom. Some subtleties concerning the linear terms «;s; which
sometimes cannot be eliminated through a shift s; - s; - ;. (Work in
progress.) BNTNU



Conclusions

» Lie symmetry analysis is a "universal" method for finding all Lie
symmetries (including scalar, gauge, spacetime and higher order
symmetries).

» Missing discrete symmetries may be identified through the automorphism
groups of the Lie symmetry algebras obtained through the method.

» May be applied to models with several parameters, several variables and
reparametrization freedom like 2HDM and SM+2S.

» Detects all symmetries of the field equations of a model, including
divergence and non-variational symmetries.

» Hence, there are no divergence or non-variational symmetries in the
2HDM.

BNTNU



