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Main Point:

Curvature of the Field-Space Manifold changes as a function of the
renormalisation scale and the scattering kinematics

one-loop

tree-level

————————
-

R — R(s, t; p)
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Outline

* |Introduction: Field Space Geometry
* Going to 1-Loop in the NLSM
 Geometry-Kinematics Duality

» Curvature Renormalisation

e Conclusion
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Field-Space Geometry

 Given Z of Non-Linear Sigma Model Z = 5 gab(¢) 0" p° a//t¢b
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Field-Space Geometry

 Given Z of Non-Linear Sigma Model Z = 5 gab(¢) 0" p° a//t¢b

with g () = 6 + #¢ + #p* + ...
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Field-Space Geometry

 Given Z of Non-Linear Sigma Model Z = 5 gab(¢) 0" p° aﬂ¢b

* Invariant under Field redefinitions with g (¢) = & + #¢ + #¢2 T

Set of all

\ Fleld-rRedefinitions
_\
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Field-Space Geometry

 Given Z of Non-Linear Sigma Model Z = 5 gab(¢) 0" p° aﬂ¢b

e Consider a subset of all Field redefinitions

Subset under whieh:

| 0 b — 0 Ta __ aéa 0 b
\ Set of all W WP = Y P
\Field-Redefinitions ) 5 () 0p¢ o’ )
8a — 8a — T~ —— 8¢
b b a¢a a¢b d
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Field-Space Geometry

« Riemannian Manifold .Z
« @“: coordinates on
» d@“: tangent vectors

» g.,(¢): metricon A

2
¢ Honerkamp, Meetz ‘71
Volkov 73
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Field-Space Geometry

« Riemannian Manifold .Z
« @“: coordinates on
» d@“: tangent vectors
» g.,(¢): metricon A
« We call .Z the Field-Space Manifold ‘
o dim ./ = # (scalar fields) q§2

Honerkamp, Meetz ‘71
Volkov 73
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Field-Space Geometry

* Field-Space has Riemannian Structure

 Can compute geometric quantities

a
- 1 bes Rabcd’ VeRabcd’ e

2
¢ Honerkamp, Meetz ‘71
Volkov 73
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Field-Space Geometry

* Field-Space has Riemannian Structure

 Can compute geometric quantities
’ FabC’ Rabcd’ VeRabcd’ e

 We can go to Riemann normal coordinates

1 1 c fhd ajyhb
‘SZZE 5ab+§ acbd¢¢ + ... | 090

2
¢ Honerkamp, Meetz ‘71
Volkov 73

Dominik Haslehner 11 Scalars 2025, Warsaw



Technical

University
of Munich

% MAX-PLANCK-INSTITUT
400554+ FUR PHYSIK

Curvature encodes Interactions

, 1 |
tn RNC: L = 5 (56119 + 5 acbd¢c¢d + .. ) ﬁ¢aa¢b
Feg nman Rrules: ‘O}abcd ~ fS(P,' ) pj) Ra(cd)b +fa(pi ' pj) Ra[cd]b

(4P" tree Level)
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Curvature encodes Interactions

: 1 1
tn RNC: L = 5 (56119 + g acbd¢c¢d + .. ) @¢ad¢b
Feynman Rules: F abed ~ JD; - P) Rucayp +1a(Di - PP Ryfeary
(47" tree Level)
On-Shell Amplitudes: A ped = Rpogt + R, 118

Qisabcde = VR

d

dbe 45 T VdRacbe 535 T ...

 Geometry of the field-space determines interactions and amplitudes

13
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, 1 |
tn RNC: L = 5 (56119 + 3 acbd¢€¢d + .. ) agba8¢b
Feg nman Rrules: F abed ~ fS(Pi ) Pj) Ra(cd)b +fa,(pi ' pj) Ra[cd]b

(4P" tree Level)

14



% MAX-PLANCK-INSTITUT
Ap0g5 3¢ FUR PHYSIK

Technical
University
of Munich

Universal Form

, 1 |
tn RNC: L = 5 (56119 + 3 acbd¢€¢d + .. ) agba8¢b
Feg nman Rrules: F abed ~ fS(Pi ) Pj) Ra(cd)b +fa,(pi ' pj) Ra[cd]b

(4P" tree Level)

, 11
L’OOP AMPLLt“de: ‘Q[abcfgop ~ [ (fs Ra(nm)b +fa Ra[nm]b) (gs Rc(nm)d T+ 8a Rc[nm]d)
(4P Loop Level) K
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Go to 1-Loop

 General Structure of the 1-Loop Amplitude

11/
*Q[abcfg()p ~ J (fv Ra(nm)b +fa Ra[nm]b) (gs Rc(nm)d T 8a Rc[nm]d )
k
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Go to 1-Loop

* General Structure of the 1-Loop Amplitude in NLSM

1-1
*Q[abcfg()p ~ J (fv Ra(nm)bRc(nm)d +fa Ra[nm]bRc[nm]d>
k

* Counter term drops us out of nice picture counter-term

——

|
Z = 5 8ap(P) 0 0"

Dominik Haslehner 17 Scalars 2025, Warsaw



Technical

University
of Munich

% MAX-PLANCK-INSTITUT
400554+ FUR PHYSIK

Go to 1-Loop

 General Structure of the 1-Loop Amplitude

11
*Q[abcfg()p ~ J (fv Ra(nm)b +fa Ra[nm]b) (gs Rc(nm)d T 8a Rc[nm]d )
k
* Counter term drops us out of nice picture

]
L == 8a$) 09 00" + #(00)’
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GeOmetry - Kinematics Duality Cheung, Helset, Parra-Martinez ’22

of Munich

* |Inspired by Colour - Kinematics duality

* Allows for arbitrary field redefinitions

P — @ (P, 00, ......)

 Can handle theories of arbitrary massless bosons

% D V), 000, ... & b, A, 8
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GeOmetry - Kinematics Duality Cheung, Helset, Parra-Martinez °22

NLSM __
/4 4 — Rabcd [+ Racbd S
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GeOmetry - Kinematics Duality Cheung, Helset, Parra-Martinez °22

NLSM __
/4 4 — Rabcd [+ Racbd S

/ rép Lace \

Ay =R (p{.py.p5.py) t+R (P, p5.p5.Pf)
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GeOmetry - Kinematics Duality Cheung, Helset, Parra-Martinez °22

NLSM __
‘Q[4 _ Rabcdt T Racbd 5

/ replace \

Ay =R (p{.py.p5.py) t+R (P, p5.p5.Pf)

» Duality Map
8ab gab(p19p2)5(p1 +p2)

Dominik Haslehner 22 Scalars 2025, Warsaw



Technical

University
of Munich

% MAX-PLANCK-INSTITUT
400554+ FUR PHYSIK

Examples

* Clean Recipe:
o Take NLSM Amplitude

 Replace Geometry — Kinematics

1 1 A1 1
3 = 2
+ @ - Theory: R = ———— |+t = | ———
Pte 9 > <t2 uz) 3<t u)
Nambu-Goldstone Theory: R~ A(t—u)
Gewerie Form: R ~ tp — I/tp

Dominik Haslehner 23 Scalars 2025, Warsaw
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Absorb Counter - Term
1
L = — g, () 0 0’ + #(0p)”

2 Geo-Kin
Dualtt
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Absorb Counter - Term
1
L = — g, () 0 0’ + #(0p)”

2 Geo-Kin
Dualtt

e Via the duality replacement: g, — g.,(p1. p>)5(p; + p»)

8ab,cd ™ gab|cd(l71ap2 | D3, PO(Py + -+ + py)

Dominik Haslehner o5 Scalars 2025, Warsaw
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Absorb Counter - Term
1
L = — g, () 0 0’ + #(0p)”

2 Geo-Kin
Dualtt

e Via the duality replacement: g, — g.,(p1. p>)5(p; + p»)

8ab,cd ™ gablcd(p1’p2 | D3, PO(Py + -+ + py)

 Compute kinematic Curvature

1
RascdP) = = (8aabeP1s P41 P2 P3) = 8actadP1s P3| P2s Pa) + symemmetrised)

Dominik Haslehner 26 Scalars 2025, Warsaw
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e Add counter term —
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Curvature Renormalisation - NLSM

| 1 1
* Add counter term ZL = 5 (56119 + gRacdb ¢C¢d + Zgabcd a¢ca¢d> a¢aa¢b

 Absorb into momentum dependent curvature tensor

of Munich

Rabcd — Rabcd + (pa *Pat Dp- pc) gadbc _ (pa *De T Dp pd) d(;;acbd
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Curvature Renormalisation - NLSM

| 1 1
* Add counter term ZL =— (56119 + _Racdb ¢C¢d + _gabcd a¢ca¢d> a¢aa¢b

2 3 4

 Absorb into momentum dependent curvature tensor

Rabcd — Rabcd + (pa *Pat Dp- pc) gadbc _ (pa *De T Dp pd) d(;;acbd

« Solve Callan-Symanzik Equations A8 yped N

« g — g(u)
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Curvature Renormalisation - NLSM

| 1 1
* Add counter term ZL =— (56119 + _Racdb ¢C¢d + _gabcd a¢ca¢d> a¢aa¢b

of Munich

2 3 4

 Absorb into momentum dependent curvature tensor
Rabcd — Rabcd + (pa *Pagt+Pp- pc) gadbc _ (pa *DetDpe pd) d(;;acbd

« Solve Callan-Symanzik Equations A8 yped N

+ 8§~ 8w
« RG-improved Riemann Tensor R (pf,pf,p&pf#)

Curvature is now momentum and scale dependent; still obegjs sy mmetrLes
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Running Curvature - NLSM

Ry = NN - D[ 142 N<(N+2)(t—u)—lo ( )((3N—4)t—5u)>
= N\ Te2 \ oD S

=~

_—~

S curvature ~ ’ ,
Mowmentum runmnlng cUuyrvature

dependence 1o op

1
(Af(p, log u))?

| tree-level

, 1 radius =
radius = A2
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Conclusion

* Field-Space Manifold determines interactions

* Physical Observeables <= (Geometric Invariants

 Geometry-Kinematics duality generalises to arbitrary boson theories

one-loop

tree-level

* Universal structure of the curvature tensor at 1-loop

» “Geometric” picture of RG running

* Loops induce running Iin curvature

R — R(s,t; 1)
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