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We focus on this case in what  
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10 Conclusions

I If the SGWB is cosmological, it will present kinematic anisotropies with an amplitude

much larger than intrinsic ones (like CMB)

I We theoretically characterized the PTA response to such anisotropies, and made

initial forecasts for their detection

I More work to better characterize the prospects of detection, with more refined noise

characterization, and with more systematic analysis of how the measurements depend

on SGWB properties

11 new part

I We focus on cosmic inflation

• Possible to probe small scales

inaccessible by CMB or LSS

– 10 –



Enhancing fluctuations during inflation

Take home message (so far)

The enhancement of tensor and scalar modes during inflation (if it occurs)

can allow us to probe physics of inflation at scales smaller than CMB scales

Particle content

during inflation?

New couplings of

inflaton with other fields?

Short period of

Non-attractor dynamics?

• Space-based interferometer:

Costellation of 3 spacecrafts on a triangle

with sides 1.5 million km long

• Measure parity violation of GWs in the SGWB (distinctive of early universe

scenarios)

An observable more promising for CMB scales

⌘ ' 3

https://www.dropbox.com/s/8525alcu2fg855e/Universum-Tasinato.pdf?dl=0

Induced SGWB

at LISA frequencies

[Özsoy et al]

[Bartolo et al]

)

First possibilty: interactions among fields during inflation

Third possibilty: strong (but brief) violation of slow-roll conditions

Transient instabilities in scalar/vector sectors feed tensor modes at small scales

But what if r ⌧ 10�3 at CMB scales?

Should we give up any attempts

to probe inflationary tensor modes?

These experiments will take place

– 4 –

Enhancing fluctuations during inflation

Take home message (so far)

The enhancement of tensor and scalar modes during inflation (if it occurs)

can allow us to probe physics of inflation at scales smaller than CMB scales

Particle content

during inflation?

New couplings of

inflaton with other fields?

Short period of

Non-attractor dynamics?

• Space-based interferometer:

Costellation of 3 spacecrafts on a triangle

with sides 1.5 million km long

• Measure parity violation of GWs in the SGWB (distinctive of early universe

scenarios)

An observable more promising for CMB scales

⌘ ' 3

https://www.dropbox.com/s/8525alcu2fg855e/Universum-Tasinato.pdf?dl=0

Induced SGWB

at LISA frequencies
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Let’s see if we can use them for probing the early universe
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Figure A3. A plot of the dimensionless energy density in GWs against frequency for a
variety of detectors and sources.

Figure A2. A plot of the square root of PSD against frequency for a variety of detectors
and sources.
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How to characterize the SGWB?

- Frequency dependence

- Anisotropies

- Circular polarization

Theory GW 
Exp



Frequency dependence of SGWB



Cosmological anisotropies

of the stochastic gravitational wave background

Introduction

Early Universe phenomena source stochastic gravitational wave backgrounds

(SGWB)

If suitable conditions are satisfied,

the SGWB signal can be loud enough to be

detectable with GW experiments

B Cosmological Inflation

QM production of GW from a brief phase of quasi-exponential expansion

B First-order cosmological phase transitions

Collisions of bubbles generate GW

B Cosmic strings

Dynamics and interactions of strings generate GW

Introduction

How to distinguish a cosmological SGWB from an astrophysical one?

B Chirality as in some inflationary scenarios

B Rich frequency profile of SGWB energy parameter

⌦GW =
1

⇢cr

d⇢GW

d ln f

[FIGURE of sensitivity curves]

Inflationary models with inflection points ! rapid growth of primordial P⇣

[FIGURE]

Method for producing primordial black holes from inflation

! SGWB produced at 2nd order in perturbations during RD or MD

[FIGURE]

Smoking gun of cosmological sources, since astro SGWB have power-law profiles.

Anisotropies of the SGWB

[FIGURE from Arianna]

B Observable offering new opportunities to distinguish among sources of SGWB

B Relatively unexplored: much work needed for their characterisation

both from a theoretical and an experimental point of view
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PBHs CMB

reheating

Figure 2. Schematic representation of the kind of inflationary potential required to fit the CMB data,
produce PBHs and reheat the Universe after inflation.

this happens twice for each k-mode; first during inflation itself, when H = H/a is approximately
constant; and then after the end of it, when H

�1 grows in the subsequent epochs. In the usual
single field slow-roll framework, the cosmological perturbations of wavenumber k generated during
inflation remain essentially constant in between these two crossing times, with an amplitude, As,
that is approximately given by4

As =
1

24⇡2M2
P

V

✏V
, where ✏V =

M
2
P

2

✓
V

0

V

◆2

, (1.2)

V and V
0 are the inflationary potential and its first derivative and MP = 1/

p
8⇡G = 2.8435 ⇥

1018 GeV is the reduced Planck mass. Therefore, the mass of the PBHs is determined by the
dynamics of the Universe during inflation and can be linked to the number of e-folds of expansion
elapsed since the largest observable distance today became equal to H�1 during inflation.

The CMB constrains As to be of the order of 10�9 at those scales, whereas the values required
for creating PBHs are much larger, typically As ⇠ 10�3–10�2. If we assume that the potential
V is nearly constant during inflation (which is indeed the case in standard slow-roll, leading to a
quasi-de Sitter universe), the expression (1.2) tells that the required enhancement of As may be
achieved by significantly reducing the value of the slow-roll parameter ✏V . Since this parameter
quantifies the flatness of the potential, PBHs are produced provided that the rolling field encounters
a sufficiently flat region of the potential during the course of inflation, which generates a peak in
the spectrum of primordial fluctuations. To the best of our knowledge, this idea was first proposed
in [35], where it was pointed out that a single-field inflationary potential that produces a PBH
population capable of accounting for the DM must feature a near-inflection point.

A renormalizable potential that can have an inflection point is (see e.g. [36, 37]):

V (�) = a2 �
2 + a3 �

3 + a4 �
4
, (1.3)

4We will later show that this approximation cannot be safely used in the cases of interest, and we will indeed
require a more accurate expression. However, it is sufficient to illustrate well the point we want to convey now.
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FIG. 2: Comparison of the estimated sensitivity for LISA [39] (the proposed design (4y, 2.5 Gm of length, 6 links) is expected
to yield a sensitivity in between the ones dubbed C1 and C2 in Ref. [40]) with the GW abundance generated at second-orderby
the formation mechanism of PBHs for both power spectra in Eqs. (2.14) and (2.16), where we used the following values for the
parameters: As = 0.033, A⇣ = 0.044 and �⇣ = 0.5.

III. THE PRIMORDIAL BISPECTRUM OF GWS

We already stressed the fact that, being intrinsically at second order, the GWs are non-Gaussian; hence their primordial
three-point correlator is not vanishing. One can compute it following the procedure highlighted in Ref. [35]. Computing
the three-point function using Eq. (2.6) gives

B�i

⇣
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=
D
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�
, (3.1)

where ~p2 = ~p1 � ~k1 and ~p3 = ~p1 + ~k3.

A. The case of a Dirac delta power spectrum

Inserting Eq. (2.14) into Eq. (3.1), we obtain

D
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As studied in Ref. [20], the bispectrum depends on the orientation of the three vectors ~ki, as well as their magnitude.
For definiteness, we fix

~k1 = k1 v̂1, ~k2 = k2 v̂2, ~k3 = �~k1 � ~k2, (3.3)
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B Relatively unexplored: much work needed for their characterisation
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Main points: Take into due account interferometer response functions and ‘finite size’

e↵ects associated with interferometer arm length

Primordial signal

Transfer functions: eab,� l̂a12 l̂
b
12 and

B�1�2�3(k1, k2, k3) ! hh�1(k1)h�2(k2)h�3(k3)i

One of the main challenges

for future cosmology

1 Theoretical/Observational Challenges for Inflationary Cosmology

)

1. Find new ways to probe inflationary era

2. Gravity waves from inflation

We can probe only

few e-folds of inflation

How to test observationally these scenarios?

• Space-based interferometer.

Constellation of 3 three spacecraft

in an equilateral triangle with sides

2.5 million km long

• Approved in 2017. It will take data in the 2030s.

It probes a specific GW frequency range and amplitude

that cannot be investigated by other means

Interferometers?

2 Plan of the talk

Survey of inflationary scenarios

enhancing the tensor spectrum

at intereferometer scales

Ones of the tasks of LISA Cosmology Working Group

I Faithfully reconstruct the primordial tensor power spectrum

I Build estimators to probe tensor non-Gaussianity with LISA

Problem The GW signal is not a power-law: how can one reconstruct it faithfully?

Idea: a binning procedure. Divide the signal in small bins (with su�cient SNR)

so to reconstruct it as combination of power laws

– 2 –

How to measure ? The case of LISA



Thanks to all my collaborators:

...

Inflation make prediction on statistical correlations among temperature anisotropies

2pt, 3pt correlation functions

... also it makes prediction on statistical correlations among polarization of CMB,

induced by spin > 0 fluctuations, as gravity waves

How to detect primordial gravity waves?

CMB B-modes, if the amplitude of tensor power spectrum is su�ciently large

Solid,

[Ricciardone, GT]

Stochastic background of

Allowed by (absence) of symmetries

in the system

...but one needs further ingredients to amplify

them sufficiently at interferometer scales [Lin et al]

1 How to distinguish primordial stochastic backgrounds from inflation

from astrophysical backgrounds?

Possible answer: Tensor non-Gaussianity

Astrophysical stochastic backgrounds

are Gaussian

due to central limit theorem

Primordial stochastic backgrounds

can be instead highly non-Gaussian

2 Non-Gaussian features of the scenarios can be theoretically computed

3 Non-Gaussian features of the scenarios

4 How to test nonG of primordial stochastic backgrounds?

5 What does LISA measure?

• Time delays between light signals

travelling through interferometer arms

• Essential to identify convenient

combination of signals that reduce

systematic noise

– 2 –
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Figure 2.2: Depiction of light travel times for two signals that can be combined to
create a TDI channel. For the general case of an unequal arm interferometer, the
delay corresponds to the light travel time to go up and down each of two adjacent
arms.

terms, but with di↵erent signs. The same is true of the time delayed terms in Eq. 2.2.

The unequal arm case is only slightly trickier. Each beam must travel down each

of the adjacent arms such that the light travel time is equal for the two beams. For

simplicity, we show here the equal arm case, but comment later on how to adapt some

of our results to the unequal arm case.

The TDI channels which cancel laser phase noise for an equal arm LISA (Lij =

L = 5 · 106 km) are formed by subtracting a time delayed Michelson signal as follows:

X(t) = M1(t)�M1(t� 2L). (2.3)
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• Time-delay interferometry
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What does LISA measure?



• Distinctive Feature:

the SGWB is anisotropic,

and non-Gaussian

• SGWB enhanced at LISA scales

• Well defined theoretical predictions to be tested

Rich shape of GW spectrum; SGWB anisotropies; chirality...

• Let us consider two experiments: LISA and PTA Two step process:

1. First measure shape of the signal: single peak, two peaks, etc

2. Match with theoretical template ! Fit parameters with data

• Algorithm

– Break the LISA band into bins

reconstruct signal as power-law

in each bin

– Join continuously the result

– 11 –

How to measure ? The case of LISA



Introduction PLS and Multi-PLS Binned reconstruction with GWBinner Conclusions and future perspective

Some examples

More cases

17/20

These experiments will take place

Let’s see if we can use them for probing the early universe

Theory part

Survey of scenarios amplifying tensor modes at small scales

Phenomenology part

From theory to experiment (interferometer or GW detector)

GWbinner code:

divide LISA band

in small intervals

reconstructing signal

in each bin
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3-pt function: equilateral shape for GW bispectrum

GW 3-pt function enhanced in squeezed configurations

...leads to quadrupolar anisotropy

in the GW 2-pt function

9 Modify kinetic terms

LISA cannot measure chirality of an isotropic SGWB [Seto, Taruya], [Smith, Caldwell]

...then measure chirality through measuring kinematically induced dipolar anisotropy

[Seto], [Domcke et al]

[Allen], [Adshead, Lim]

building from notion of

Power-Law Sensitivity Curve

[Thrane, Romano]
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1 talk early universe

arXiv:1906.09244

2 Rich profile for SGWB as

function of frequency

(beyond power law)

Case I: coupling tensors

with additional degrees of freedom

[Hassan-Rosen]

[Max-Platscher-Smirnov]

• restructure phenomenology part – not focus on LISA only, but add PTA also

• understand what induces anisotropies in the case of Franciolini

Induced by local non-G

of curvature fluctuation

Case A:

Case B:

Example:

Possible smoking gun observables:

LISA can measure possible chirality if it detects kinematic dipole

Improved estimate using

most recent

instrument specifications

4.

Massive gravity [Fujita et al]

3 —————–
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- add an explanatory initial slide for the parameter estimation section ; then take from

Stefano

- add conclusions, and a slide on the work with Alice
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[Saltas et al]
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• Distinctive Feature:

the SGWB is anisotropic,

and non-Gaussian

• SGWB enhanced at LISA scales

• Well defined theoretical predictions to be tested

Rich shape of GW spectrum; SGWB anisotropies; chirality...

• Let us consider two experiments: LISA and PTA Two step process:

1. First measure shape of the signal: single peak, two peaks, etc

2. Match with theoretical template ! Fit parameters with data

• Algorithm

– Break the LISA band into bins

reconstruct signal as power-law

in each bin

– Join continuously the result
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First: characterize the shape of signal



Reconstructing curvature power spectrum
Our method

Reconstruct  using linear interpolating splines (other possibilities as well) — no 
strong assumptions regarding functional form of spectrum

Pζ

Planck 2018: Constraints on Inflation 

Similar methods have been previously used for the CMB
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(ki, Pi)
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Reconstructing curvature power spectrum
Our method

Let the data determine node positions and amplitudes. Use Bayesian evidence for 
relative probabilities of spline models with different number of nodes. 


At the end, reconstruct distribution of  and  from the samples after 
marginalising over the reconstructions with different number of nodes

Pζ(k) ΩGW(k)

<latexit sha1_base64="aluhhAQiM9nrmLIeLlfLpuk55jw="></latexit>

e.g. E[P⇣,k] =

P
n E[P⇣,k|Mn]ZnP

n Zn
.

Relative probability/weight of 
model with  nodesn
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Reconstructing curvature power spectrum
Example: Radiation domination
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Figure 11: 1D and 2D posterior distributions derived from the DP template reconstruction of the
benchmarks DP-BNK 1 (top left), DP-BNK 2 (top right), DP-BNK 3 (bottom left) and DP-BNK 4
(bottom right) defined as in eq. (2.9) with {log10 h

2⌦⇤, f⇤/Hz} equal to {�9.35, 5}, {�11.35, 5},
{�9.35, 1} and {�11.35, 1}, respectively, and {�, 1, 2, ⇢, �} = {0.242, 0.456, 1.234, 0.08, 6.91}

fixed for all benchmarks. Lines’ styles and color codes are as in fig. 3.
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Figure 9: Fisher forecasts for the DP template. The panels show the 68 % CL reconstruction
error on h

2⌦⇤ (top left), f⇤ (top right), � (next-to-top left), 1 (next-to-top right), ⇢ (next-to-
bottom left), 2 (next-to-top right) and � (bottom) as a function of the P

ln
⇣ parameters � and As

(and k⇤ adjusted to yield f⇤ = 5 mHz). SNR contour lines are plotted in white. Depending on the
panel, the pairs of dashed lines mark the absolute error � = 0.3 (� = 0.01) and relative error 30%
(1%) contours, respectively in the absence [white] and in the presence [black] of foregrounds. The
white crosses display the benchmarks DP-BNK 1 and DP-BNK 2.
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• Distinctive Feature:

the SGWB is anisotropic,

and non-Gaussian

• SGWB enhanced at LISA scales

• Well defined theoretical predictions to be tested

Rich shape of GW spectrum; SGWB anisotropies; chirality...

• Let us consider two experiments: LISA and PTA Two step process:

1. First measure shape of the signal: single peak, two peaks, etc

2. Match with theoretical template ! Fit parameters with data

• Algorithm

– Break the LISA band into bins

reconstruct signal as power-law

in each bin

– Join continuously the result

• Axion models [LISA CosWG, to appear]

• Scalar-induced GW

– 11 –

Match precisely with theoretical template
LISA CosWG Braglia et al

El Gammal et al



Anisotropies of the SGWB



Cosmological anisotropies

of the stochastic gravitational wave background

Introduction

Early Universe phenomena source stochastic gravitational wave backgrounds

(SGWB)

If suitable conditions are satisfied,

the SGWB signal can be loud enough to be

detectable with GW experiments

B Cosmological Inflation

QM production of GW from a brief phase of quasi-exponential expansion

B First-order cosmological phase transitions

Collisions of bubbles generate GW

B Cosmic strings

Dynamics and interactions of strings generate GW

Introduction

How to distinguish a cosmological SGWB from an astrophysical one?

B Chirality as in some inflationary scenarios

B Rich frequency profile of SGWB energy parameter

⌦GW =
1

⇢cr

d⇢GW

d ln f

[FIGURE of sensitivity curves]

Inflationary models with inflection points ! rapid growth of primordial P⇣

[FIGURE]

Method for producing primordial black holes from inflation

! SGWB produced at 2nd order in perturbations during RD or MD

[FIGURE]

Smoking gun of cosmological sources, since astro SGWB have power-law profiles.

Anisotropies of the SGWB

[FIGURE from Arianna]

B Observable offering new opportunities to distinguish among sources of SGWB

B Relatively unexplored: much work needed for their characterisation

both from a theoretical and an experimental point of view

– 2 –

Anisotropies of the SGWB



Anisotropies of the SGWB

Theoretical framework

Explore parallelism with physics of CMB anisotropies

[FIGURE]

Boltzmann approach [Contaldi, Bartolo et al] following [Dodelson]

Geometrical optics/short wavelength approx

GW: Stream of collisionless gravitons following null geodesics through perturbed metric

(Newtonian gauge)

ds2 = a2(⌘)
⇥
� (1 + 2�) d⌘2 + (1� 2 ) �ij dx

idxj
⇤

GW distribution function

�(⌘, ~x, q, n̂)

Conformal time

Magnitude q = |~p|a
of comoving momentum.

Frequency f = |~p|/(2⇡)

Direction of propagation n̂ = ~p/|~p|

! GW energy density and density parameter

⇢GW /
Z

p2dp p�

⌦GW =
1

⇢cr

d⇢GW

d ln q

Boltzmann equation

d�

d ⌘
= C [�] + I [�]

Collision term

absent since GW decouple

Injection term

initial conditions

B Solve perturbatively Boltzmann eq �(⌘, ~x, q, n̂) = �̄(q)� @�̄
@ ln q �(⌘, ~x, q, n̂)

�GW(⌘, ~x, q, n̂) =
⌦GW � ⌦̄GW

⌦̄GW
=


4� d ln ⌦̄GW

d ln q

�
�

Equilibrium distribution
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Introduction

Early Universe phenomena source stochastic gravitational wave backgrounds

(SGWB)

If suitable conditions are satisfied,

the SGWB signal can be loud enough to be

detectable with GW experiments

B Cosmological Inflation

QM production of GW from a brief phase of quasi-exponential expansion

B First-order cosmological phase transitions

Collisions of bubbles generate GW
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Dynamics and interactions of strings generate GW
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B Chirality as in some inflationary scenarios

B Rich frequency profile of SGWB energy parameter

⌦GW =
1

⇢cr

d⇢GW

d ln f

[FIGURE of sensitivity curves]

Inflationary models with inflection points ! rapid growth of primordial P⇣

[FIGURE]

Method for producing primordial black holes from inflation

! SGWB produced at 2nd order in perturbations during RD or MD

[FIGURE]

Smoking gun of cosmological sources, since astro SGWB have power-law profiles.

Anisotropies of the SGWB
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B Observable offering new opportunities to distinguish among sources of SGWB

B Relatively unexplored: much work needed for their characterisation
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Cosmological anisotropies

of the stochastic gravitational wave background

Introduction

Early Universe phenomena source stochastic gravitational wave backgrounds

(SGWB)

If suitable conditions are satisfied,

the SGWB signal can be loud enough to be

detectable with GW experiments

B Cosmological Inflation

QM production of GW from a brief phase of quasi-exponential expansion

B First-order cosmological phase transitions

Collisions of bubbles generate GW

B Cosmic strings

Dynamics and interactions of strings generate GW

Introduction

How to distinguish a cosmological SGWB from an astrophysical one?

B Chirality as in some inflationary scenarios

B Rich frequency profile of SGWB energy parameter

⌦GW =
1

⇢cr

d⇢GW

d ln f

[FIGURE of sensitivity curves]

Inflationary models with inflection points ! rapid growth of primordial P⇣

[FIGURE]

Method for producing primordial black holes from inflation

! SGWB produced at 2nd order in perturbations during RD or MD

[FIGURE]

Smoking gun of cosmological sources, since astro SGWB have power-law profiles.

Anisotropies of the SGWB

[FIGURE from Arianna]

B Observable offering new opportunities to distinguish among sources of SGWB

B Relatively unexplored: much work needed for their characterisation

both from a theoretical and an experimental point of view
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First-order fluctuation

Schematically, the solution of Boltzmann eq for � is

�(⌘, ~x, q, n̂) = �initial + �+

Z ⌘

⌘i

d⌘̃
�
�0 + 0�+Doppler + tensor contributions

Initial conditions

Great opportunity

to directly probe GW sources

Effect of propagation

and inhomogeneities

Kinematic effects / n̂~v

contain precious info on SGWB properties

Effect of propagation

and inhomogeneities

Kinematic Doppler anisotropies

[LISA CosWG, Cusin & GT]

Kinematic anisotropy induced by our motion wrt source frame of SGWB: � = |~v|/c.
[FIGURE]

B Interesting!

It is a guaranteed signal, simple to describe analytically, and contains

info on SGWB properties

Call ⇠ = n̂ · v̂, � = 1/
p

1� �2 and [copy]

Denote (A) the frame at rest, and (B) the frame in motion wrt the SGWB source.

Conservation of graviton number density leads to

⌦(B)
GW(f, n̂) = D4⌦(A)

GW

✓
D�1f,

n̂+ v̂ [(� � 1)⇠ � ��]

�(1� �⇠)

◆

B Generation of kinematic anisotropies in (B) from an isotropic SGWB in (A).

B Modulation and aberration of existing anisotropies in (A).

Important: it can be used as probe of ⌦(A)
GW, since we do not know its properties.
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Kinematic anisotropies

Dominant source of anisotropy for  
Cosmological SGWB



KinemaɎic aniɀȒɎȸȒȵieɀ

KiQePaWic aQiVRWURSieVΖVRWURSic VigQal 

AlUead\ RbVeUYed 
iQ Whe CMB!



5 What next? Detect the anisotropies of the SGWB

I Both astro and cosmo SGWB, as detectable by PTA, are expected to have intrinsic

anisotropies, which depend on their sources.

For astro, they might be as large as �⌦GW
⌦̄GW

' O(10�2). For cosmo, �⌦GW
⌦̄GW

 O(10�5).

[Sato Polito-Kamionkowski], [Alba-Maldacena, Contaldi, Bartolo. . . GT]

No detection so far but with extra data and more time of observation a detection

might be forthcoming, in case of astro SGWB.

I For cosmo SGWB, we do expect a large Doppler anisotropy due to our relative

motion wrt SGWB source rest frame

very similar to CMB!
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6 Kinematic anisotropies of the SGWB with PTA

I Especially interesting as independent probe of intensity and direction of our speed

wrt SGWB rest frame

I PTA measurements of Doppler e↵ects are also sensitive to modified gravity (circular

polarization, extra scalar dofs) hence they provide additional tests of gravity

– 7 –

1 TO DO FOR COMPLETING PRESENTATION

• check shot noise story BOTH for circ and scalar . for circ cite also Sato and Enis .

for scalar Braga and Tanaka

•

2 Points to make

• Exploit it to probe interesting physics

– Kinematic anisotropies

– Circular Polarization

– New method to detect modified gravity e↵ects

• Astro backgrounds characterized by circular polarization [Valbusa Dall’Armi et al]

PTA

[Gair et al], [Cornish et al]

3 Tests of modified gravity

BT

BS

Well-defined, ambitious target

Three-point overlap

function for tensors:

zero upon angular integrations


tens
abc = 0


scal
abc =

Three-point overlap

function for scalars:

non zero

If measured and non-vanishing: evidence of scalar degrees of freedom

(up to effects of shot noise)

n: direction of pulsar

x: direction of star

v: relative velocity
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1 TO DO FOR COMPLETING PRESENTATION

• check shot noise story BOTH for circ and scalar . for circ cite also Sato and Enis .

for scalar Braga and Tanaka

•

2 Points to make

I Also sensitive to the frequency profile of ⌦GW(f).

• Exploit it to probe interesting physics

– Kinematic anisotropies

– Circular Polarization

– New method to detect modified gravity e↵ects

– HD controls the response of two-pulsar system to GW intensity

Analytical treatment of well-motivated

extensions of HD

Geometrical understanding

of response of astro system

to GW properties

Analytical formulas

make Fisher forecasts/simulations

easier to carry on

�ab = �(0)
ab + � �(1)

ab

• Astro backgrounds characterized by circular polarization [Valbusa Dall’Armi et al]

PTA

Response function

Intensity

Circular polarization

Analytical formulas

especially important

Very large covariance matrixes

Analytical formulas for K essential

to handle Fisher forecasts
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Dipole tension

3232

CMB and LSS estimates of  appear 
to be in tension,  

β
βLSS ≈ 2βCMB

[See Peebles (2022) for a review]

COBE dipole
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2 Pulsar Timing Arrays and Gravitational Waves

I Pulsars are rapidly rotating neutron stars:

extremely precise astrophysical clocks given their period is almost constant in time.

I The Time of Arrival of emitted light to earth is sensitive to deformations of space-

time between pulsar and earth.

A change in observed period of pulsar can be attributed to the presence of a grav-

itational wave. It is the same principle of terrestrial interferometers – but with as-

tronomically long arms! For this reason the frequency detected is in the nano-Hertz

band.

I To reduce noise and avoid spurious signals, it is necessary to monitor several pulsars
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3 Pulsar Timing Arrays and Gravitational Waves

I Recently, several PTA collaborations found relatively strong evidence for a signal

compatible with stochastic gravitational wave background.

E.g. NANOGrav monitored 67 pulsars for a 15 years period. They found the char-

acteristic angular correlation between signals detected with di↵erent pulsars, as pre-

dicted by General Relativity. This is called Hellings-Downs curve.

I The measured amplitude of the background is

⌦GW =
1

⇢c

d⇢GW

d ln k
' (5± 2)⇥ 10�9

The slope though is not well measured, presently compatible with several possibilities.
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dataset, we are able to place an upper limit � < 0.026 at 95% C.L. on the magnitude of this

dipole, assuming a cosmological origin for the signal and the dipole direction to be the same as

inferred from the CMB. We also show that the kinematic dipole will be well within the reach

of an SKA-like experiment, due to its lower noise levels and the significantly more pulsars it

is expected to observe. For such an experiment, we demonstrate that measuring the dipole

magnitude at a level ��/� ' 0.1 and the direction �(l, b) ' 10� is definitely a realistic target.

We also highlight how the positions of the pulsars observed as well as the spectral shape of the

SGWB a↵ects the sensitivity to the kinematic dipole.

The increased sensitivity of SKA will allow for measurements of the dipole magnitude and

direction at a level precise enough to test whether the rest frames of the CMB and cosmolog-

ical SGWB coincide. While one would naturally expect this to be the case, the emergence of

the recent CMB-LSS dipole tension underscores the importance of verifying this assumption

experimentally. In this way, observation of the the SGWB kinematic dipole could enable us to

not only pinpoint the origin of the PTA signal, but also serve as an independent test of the

cosmological principle. Last, but not least, Doppler anisotropies can also provide independent

tests of modifications of Einstein gravity. The search for their presence with PTA experiments

is definitely worth pursuing.
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A Conventions on the SGWB parameters

The spectral energy density parameter ⌦GW is related to the intensity I through

⌦GW =
4⇡2

f
3

3H2
0

I . (A.1)

Besides the GW energy density, another important quantity is the characteristic strain hc, which

we parametrise as a power law

hc(f) ⌘

p
2fI(f) = A

✓
f

fref

◆↵

. (A.2)

Note that for a background of supermassive black hole binaries, the expected parameters for the

characteristic strain are ↵ = �2/3 and A ⇡ 10�15. PTA collaborations typically report their

results in terms of the parameters A, � where

� ⌘ 3 � 2↵. (A.3)
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The NG15 results for the amplitude A, when fixing ↵ = �2/3 and taking a reference frequency

of fref = 1/year are [1]

A = 2.4+0.7
�0.6 ⇥ 10�15 (at 90% C.L.) . (A.4)

For such a power law characteristic strain model, the spectral energy density can be expressed

as

⌦GW(f) =
2⇡2

f
2

3H2
0

A
2

✓
f

fref

◆2↵

= ⌦GW,0

✓
f

fref

◆n⌦

, (A.5)

where

⌦GW,0 ⌘
2⇡2

3H2
0

f
2
refA

2
, n⌦ ⌘ 2↵+ 2 . (A.6)

Similarly, for the intensity we have

I(f) =
A

2

2f

✓
f

fref

◆2↵

= I0

✓
f

fref

◆nI

, (A.7)

where

I0 ⌘
A

2

2fref
, nI ⌘ 2↵ � 1 . (A.8)

Plugging in the value of A measured by NANOGrav (A.4), we have

⌦GW,0 ⇡ 8.1 ⇥ 10�9
, I0 ⇡ 9.1 ⇥ 10�23[s] . (A.9)

If instead, we take as our reference frequency fref = 0.1/year we obtain,

⌦GW,0 ⇡ 5.6 ⇥ 10�10
, I0 ⇡ 6.3 ⇥ 10�21[s] . (A.10)

B Covariance matrix in the weak signal limit

We now provide arguments to explain why the covariance matrix in our likelihood is e↵ectively

diagonal in the weak signal limit – see the discussion after eq (3.5). Our arguments are not

specific to PTA experiments, but they are also applicable to ground based interferometers. Let

dI denote the data recorded by a given detector9 and NI denote its noise PSD. The data is the

sum of the signal and noise, i.e.

dI = sI + nI , hdIi = hsIi, hnIi = 0 . (B.1)

We write the likelihood as

�2 lnL =
X

IJ

(d̂I � sI)C
�1
IJ (d̂J � sJ)

T
, (B.2)

9This can be either the single detector ouput or the cross-correlated output in which case the subscript I
denotes either a pulsar or interferometer pair.
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6 Kinematic anisotropies of the SGWB with PTA

I Especially interesting as independent probe of intensity and direction of our speed

wrt SGWB rest frame

I PTA measurements of Doppler e↵ects are also sensitive to modified gravity (circular

polarization, extra scalar dofs) hence they provide additional tests of gravity
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consider the next-to-leading contribution of order �
2, associated with quadrupolar Doppler ef-

fects. For this reason, we develop our formulas up to order �2. Taylor expanding eq (2.18), we

find

I(f, n̂)

Ī(f)
=


1 �

�
2

6

�
1 � n

2
I � ↵I

��
+ � n̂ · v̂ (1 � nI)

+
�
2

2

✓
(n̂ · v̂)2 �

1

3

◆�
2 � 3nI + n

2
I + ↵I

�
+ O(�3) . (2.20)

The tilt parameters are defined as

nI =
d ln Ī

d ln f
, ↵I =

dnI

d ln f
. (2.21)

Notice that, in general, these quantities depend on frequency. Plugging expression (2.20) into eq

(2.10), we can straightforwardly perform the angular integrations [56], and obtain the following

expression

�ab(f) =


1 �

�
2

6

�
1 � n

2
I � ↵I

��
�(0)
ab + � (nI � 1)�(1)

ab

+
�
2

2

�
2 � 3nI + n

2
I + ↵I

�
�(2)
ab , (2.22)

for the PTA overlap function among a pulsar pair (ab). The quantities �(i)
ab are given by [56]

�(0)
ab =

1

3
�

yab

6
+ yab ln yab (2.23)

�(1)
ab =

✓
1

12
+

yab

2
+

yab ln yab
2(1 � yab)

◆
[v̂ · x̂a + v̂ · x̂b] , (2.24)

�(2)
ab =

✓
3 � 13yab
20(yab � 1)

+
y
2
ab ln yab

2(1 � yab)2

◆
[(v̂ · x̂a)(v̂ · x̂b)]

+

✓
1 + 2yab � 4y2ab + y

3
ab + 3yab ln yab

12(1 � yab)2

◆ ⇥
(v̂ · x̂a)

2 + (v̂ · x̂b)
2
⇤
, (2.25)

with

yab =
1 � x̂a · x̂b

2
=

1 � cos ⇣ab
2

, (2.26)

and ⇣ab the angle between the two pulsar vectors x̂a and x̂b.

The quantity �(0)
ab is the well-known Hellings Downs overlap function [78] (see also the recent

[79, 80] for nice discussions and new perspectives on its physical properties). Kinematic e↵ects

modulate the Hellings Downs curve through a frequency-dependent coe�cient, starting at order

�
2 in our expansion. Moreover, they add new dipolar (at order �) and quadrupolar (at order

�
2) contributions to the PTA response function. See e.g. Fig 1 for a graphical representation of

the quantity �(1)
ab .

We stress two important properties of the results reviewed so far

1. The quantities �(1,2)
ab vanish for pulsars with vectors orthogonal to the velocity: see eqs

(2.24) and (2.25). Hence, the magnitude of kinematic anisotropies depend on the geometric

configuration of the pulsar set: pulsars located along the direction of the velocity vector v̂

are more sensitive to kinematic e↵ects.
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Figure 1: Left: the magnitude of the PTA response function �(1)
ab to kinematic dipole

anisotropies, as defined in eq (2.24). We fix the velocity vector v̂ along the the direction measured
by the CMB (v̂ and �v̂ are denoted by red and yellow stars respectively). We plot the response
as a function of the positions of a pair of pulsars, for simplicity oriented in the same direction.
Right: the dipole response as a function of the angle between the pulsars, without including the
(v̂ · x̂a + v̂ · x̂b) factor in eq (2.24).

2. The e↵ect of anisotropies depend on the frequency profile of the GW intensity: if Ī(f) has

features in frequency which amplify the spectral tilts, anisotropy e↵ects can get enhanced

being multiplied by combinations of nI and ↵I . In fact, the study of Doppler anisotropies

provides additional tools for probing the frequency dependence of the GW intensity, besides

more direct reconstruction techniques (see e.g. [81] and references therein).

The formulas presented in this section constitute the theoretical background we need next for

analysing at what extent PTA experiments can probe kinematic anisotropies in the SGWB.

3 Kinematic anisotropies and present day PTA data

We are interested in measuring kinematic Doppler anisotropies in the SGWB with the present

generation of PTA measurements, starting from the theoretical formulas discussed in section 2.

For the case of astrophysics backgrounds, the size of the intrinsic anisotropies is larger

than the kinematic ones we are interested in. For cosmological SGWB, though, intrinsic

anisotropies are usually small in amplitude, and kinematic e↵ects provide the main contribution

to anisotropies. (See our discussion in section 1.) GW experiments, if able to detect kinematic

anisotropies, o↵er an independent tool to measure our relative motion relative to the cosmic

source of GW, possibly helping to address the current anomaly in the measurements of the size

of the relative velocity � among frames reviewed in section 1. Also, they can provide indepen-

dent tests for alternative theories of gravity [54, 56]. For this reason, it is worth exploring at

what extent Doppler e↵ects can be detected with PTA experiments.

In this section, we focus on current generation PTA experiments, which monitor a finite

number of pulsars (around one hundred), placed in specific positions in the sky. We consider

this kind of experimental set-up as ‘realistic’. So far, SGWB anisotropies have not been detected

with PTA data: only upper limits on their size have been placed. Using an approach based on

7
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Figure 5: We consider a random collection of pulsar pairs whose positional vectors x̂a and x̂b lie on the same
plane as the relative velocity v̂. Our aim is to represent how geometrical factors depending on v̂ a↵ect the response
functions, as a function of the angle ⇣ among pulsars. Left combination v̂ · x̂a + v̂ · x̂b for the random realization,
as a function of ⇣. Notice that the size of this quantity decreases as ⇣ ! ⇡. Right: Black curve: Hellings
Downs distribution. Red points: response function for our random realization of pulsars, including the intensity
kinematic dipole, with �nI = 1/10. Notice that, for small values of ⇣, the points are scattered with respect to the
black line.

When plotting the quantity �I
ab as a function of ⇣ for each pulsar pair in a given set, data points

get scattered around the Hellings-Downs curve of eq (3.10) (see [47, 48]). In fact, data are modulated

by the quantity (v̂ · x̂a + v̂ · x̂b) in eq (5.2); we expect that point scattering around the Hellings-Downs

line is maximal for small values of ⇣, while it reduces for ⇣ ' ⇡, since in this limit the coe�cient of the

kinematic dipole contribution vanishes: (v̂ · x̂a + v̂ · x̂b) ' 0. We represent in Fig 5, left panel, the value

of the quantity (v̂ · x̂a+ v̂ · x̂b) as a function of ⇣, for a random set of pulsars whose positions are coplanar

with the velocity vector v̂. As anticipated, the size of this quantity reduces as we increase the angle ⇣.

The right panel of the same figure shows the resulting response function �I
ab as function of ⇣, which is

indeed scattered for small angular separations ⇣ with respect to the Hellings Downs curve. Hence, the

e↵ects of kinematic anisotropies relative to the GW intensity I are maximal for pulsar pairs lying in

the same plane as v̂, and with whose positional vectors form a small relative angle among themselves.

This represents an interesting di↵erence with respect to the GW circular polarization response that we

discussed in section 5.1.

As manifest from Fig 5, the kinematic e↵ects we are interested in are small. On the other hand, by

combining signals 6, we can form null tests for Doppler e↵ects associated to the intensity of the SGWB.

To find such combinations, we further exploit the results of section 3. Suppose that GW are characterized

by spin-2 polarization only, with no e↵ects of parity violation. Then, consider two pairs of pulsars. One

pair, ab, lies on a plane parallel to v̂: hence it feels the e↵ects of kinematic anisotropies, and the response

function up to the dipole is given by eq (5.2). The other pair, cd, lies on a plane orthogonal to v̂: hence

it is blind to Doppler e↵ects, and the pulsar response function is determined only by the Hellings Downs

curve of eq (3.10).

We then take the following combination of equal-time correlators for time residuals (recall their

6See the review [84] for a discussion of possibilities to combine GW signals to extract specific physical information from
them.
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sponding forecasts

I Do a step forward towards SKA era, assume we monitor a large number of pulsars

isotropically distributed on the sky.

(extra slide with log normal)

– 9 –

Large  identical pulsars distributed 
uniformly across the sky


N ≫ 100
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I

�2
noise

Galactic

250 uniformly distributed pulsars

Forecasts: SKA

1 TO DO FOR COMPLETING PRESENTATION

• check shot noise story BOTH for circ and scalar . for circ cite also Sato and Enis .

for scalar Braga and Tanaka

•

Fully covariant formulas

Easier to understand intuitively

and helpful for Fisher forecasts

2 Points to make

I Also sensitive to the frequency profile of ⌦GW(f).

Dictates correlations between GW signals

measured by two distinct pulsars

Theory

Experiment

First attempt:

use current data

Npair ⇠ N
2

In order to beat � ⇠ 10�3

we need N ⇠ 103

I Exploit SGWB to probe interesting physical e↵ects

– (Kinematic) anisotropies

– Circular Polarization

– New method to detect modified gravity e↵ects

– HD controls the response of two-pulsar system to GW intensity

Analytical treatment of well-motivated

extensions of HD

Geometrical understanding

of response of astro system

to GW properties

– 2 –



68% C.L. with 4000 identical pulsars and 

Kinematic Anisotropies ɯith PTAs

Large number of
pulsars 

even for future
e[periments in

SKA.

Jiméneɿ Cruɿً Nِ Mًِ Ameek Mًِ Gianmassimo Tًِ and Iɮonne Zِِ ٓMeasuring kinematic anisotropies ɯith pulsar timing arraɵsِٓ
Phɵsical Reɮieɯ Dً׎׏׏ noِ ِהאדבה׎ ي٣גא׎א٢ ה



AstrometrɵReaO SRVLWLRQ

PRVLWLRQ
defOecWed

Braginskɵً Vِ Bًِ Nِ Sِ Kardashevً Aِ Gِ Polnarevً and Iِ Dِ Novikovِ Propagation of electromagnetic
radiation in a random field of gravitational waves and space radio interferometrɵِ Noِ ICِאחבٖחזٮٮ

International Centre for Theoretical Phɵsicsً חזח׏



Astrometry

Bookً Laura Gًِ and Eanna Eِ Flanaganِ ٓAstrometric effects of a stochastic gravitational wave backgroundِٓ  Physical
Review D٪Particlesً Fieldsً Gravitationً and Cosmology ًבז noِ ِגא׎גא׎ ي٣׏׏׎א٢ א



Astrometry and SGWB

Precision astrometry with a large 
number of stars as a SGWB detector

Gaia has  observed over 10 years with  precision. Already used to put 
constraints on low-frequency SGWB [Darling et al. 2018; Aoyama et al. 2021; Jaraba et al. (2023) ]

N ∼ 109 𝒪(mas)

[see Book, Flanagan (2010) for a review] 
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Astrometry x PTA
Dipole anisotropy
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log10 AGW
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∞
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∞
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Ø

PTA, 100 pulsars

+Astrometry, 106 stars

Dipole level

Minimum detectable dipole 
anisotropy relative to 

monopole ~ 0.05. 


Current PTA level ~ 0.1
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1 TO DO FOR COMPLETING PRESENTATION

• check shot noise story BOTH for circ and scalar . for circ cite also Sato and Enis .

for scalar Braga and Tanaka

•

Fully covariant formulas

Easier to understand intuitively

and helpful for Fisher forecasts

2 Points to make

I Also sensitive to the frequency profile of ⌦GW(f).

• Exploit it to probe interesting physics

– Kinematic anisotropies

– Circular Polarization

– New method to detect modified gravity e↵ects

– HD controls the response of two-pulsar system to GW intensity

Analytical treatment of well-motivated

extensions of HD

Geometrical understanding

of response of astro system

to GW properties

Enhanced when pulsars locations along ~v

Sensitivity to

intensity

Kinematic dipole

ML techniques needed

to fully exploit data sets

(small parenthesis on the e↵ect of frequency profile of intensity)

Analytical formulas

make Fisher forecasts/simulations

easier to carry on

– 2 –



Kinematic Doppler anisotropies

Example

Let ⌦(A)
GW(f) be isotropic at rest, depending on frequency. Define its tilts as

Expanding up to order �2
, we get a kinematic dipole, quadrupole, and modulation

of the monopole:

Induced SGWB from a lognormal P⇣: enhanced tilts where features occur

[Figures]

Useful for extracting cosmological signal from a messy astrophysical background?

Multipolar decomposition ! forecasts of the detectability of Doppler effects.

[Figures]

Anisotropies of the SGWB

E↵ects of initial conditions and propagation

Case study: Primordial GW propagation in a perturbed universe

[Alba-Maldacena, Bartolo et al, Dimastrogiovanni et al]

[Figure]

Initial conditions ! Adiabaticity conditions on ⇢GW at horizon re-entry

Effects of propagation ! compute using cosmological perturbation theory

[Formula]

Applications of Anisotropies of the SGWB

Probes of SGWB frequency dependence

GW anisotropies enhanced when ⌦GW has features as function of frequency

Example: Induced GW from log-normal peak in P⇣

h�`m�`0m0i = �``0�mm0 C�
`

CGW
` = (4� n⌦)

2 C�
`

Applications of Anisotropies of the SGWB

Non-Gaussianity

[Bartolo et al]

Tensor non-Gaussianity

Problem

Solution

Scalar non-Gaussianity ) Footprints on SGWB anisotropies

– 5 –

Thanks to all my collaborators:

1 Three possible smoking-gun observables
for early universe cosmology and GW

• Rich profile of GW power spectrum

• Non-Gaussian signal

• Chirality

2 Problem:
GWs from di↵erent directions tend to ‘Gaussianize’ the signal
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8 The SGWB is anisotropic, and non-Gaussian

2-pt function for the SGWB energy density

3-pt function: equilateral shape for GW bispectrum

GW 3-pt function enhanced in squeezed configurations

...leads to quadrupolar anisotropy

in the GW 2-pt function

9 Modify kinetic terms

LISA cannot measure chirality of an isotropic SGWB [Seto, Taruya], [Smith, Caldwell]

...then measure chirality through measuring kinematically induced dipolar anisotropy

[Seto], [Domcke et al]

[Allen], [Adshead, Lim]

– 3 –

Thanks to all my collaborators:

N. Bartolo, D. Bertacca, D. Cannone, C. Caprini, E. Dimastrogiovanni, V. Domcke,

M. Fasiello, D. Figueroa, J. Garcia-Bellido, S. Matarrese, M. Mylova, S. Parameswaran,

M. Peloso, C. Powell, O. Özsoy, A. Ricciardone, A. Riotto, L. Sorbo, D. Wands,

I. Zavala

Probing the Physics of Inflation with

Gravitational Waves

Scalar power spectrum

Parametrically enhanced sqz nG: violates Maldacena’s consistency relation

[Contaldi], [Bartolo et al]3

Moral

...and many possible ‘smoking guns’ of cosmological origin of a SGWB

(astro signal is Gaussian)

• Anisotropies

Intrinsic

Induced

Phase decorrelations due to propagation in a perturbed universe

!

– 2 –
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Initial conditions ! Adiabaticity conditions on ⇢GW at horizon re-entry
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[Formula]
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Further applications of anisotropies
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Applications of Anisotropies of the SGWB

Multi-Messenger Cosmology

[Adshead et al, Dimastrogiovanni et al]

Recall: we can have �GW / ⇣

Anisotropies induced by propagation e↵ects RD and MD universe

Quadrupolar anisotropies induced by large mixed non-Gaussianity h⇣hhi
Then we can have h�TCMB

TCMB
⇣i / P⇣

[Two figures]

Anisotropies of the SGWB

Prospects of detection

One happy day we will detect the isotropic part of ⌦GW.

Then, the search of its anisotropies will become feasible

Preliminary theoretical work:

Determine response functions of given detector to �GW.

Forecast the detectability of CGW
` as function of multipole number.

[LISA CosWG]

We can set constraints on � and n⌦

Compute and try to measure 3 and higher order point functions of �GW
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Thanks to all my collaborators:

1 Three possible smoking-gun observables
for early universe cosmology and GW

• Rich profile of GW power spectrum (beyond single power law)

• Non-Gaussian signal

• Chirality

2 Problem:
GWs from di↵erent directions tend to ‘Gaussianize’ the signal
for the central limit theorem

GW emitted from

different patches of sky Detector

3 Way out: measure correlators of GWs originating from the same patch

Squeezed non-Gaussianity

Folded non-Gaussianity

4 Chirality

Ground-based detector overlap functions are sensitive to chirality

[Seto; Crowder et al]

Still work to be done to forecast

Small-momentum mode

induces correlations

– 2 –
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2 Theoretical Prediction of Cosmological Inflation

Stochastic background of gravitational waves
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1 Introduction

TO COMPLETE

Stochastic Backround

of CMB temperature fluctuations

• [OO: To do: In somewhere appropriate, mention that it is enough focus on the scale
dependence of the bispectrum (via consistency relations) in the initial slow-roll era
to study hµT i and hµµi because we focus on scenarios where kdip lies within the scales
associated with µ-era whereas the scales around the peak are outside of it. ]

• [OO: PAPERS TO CITE: Spectral distortions as a probe of scale dependent NG discussed in [1].
µE as a probe of scale dependent bispectrum in the squeezed configuration is discussed in [2].
Imprints of tensor and mixed scalar-tensor bispectrum on the cross correlations of µX type where
X = {T,E,B} is discussed recently in [3] ]

• further papers to cite on CMB spectral distortions, stolen from [3]’s ref list: [4, 5] for connection
between mu distortion and primordial spectrum; mu-distortions and nonG: besides Pajer, also [6–9].

• for conclusions, lets talk about tensor modes

1.1 selling points

• we prove (in two ways) new consistency relations for the statistics of fluctuations around the dip.
fNL around 10 is universal.

• we discuss consequences for spectral distortions

2 Consistency relations at the dip: a heuristic approach

We start developing a heuristic, intuitive approach for characterising the statistics of curvature perturbations.
We consider single-field inflationary scenarios that include a short phase of non-slow-roll evolution, which
can lead to primordial black hole (PBH) production. We characterize the scale-dependence of the curvature
perturbation spectrum, that in turn implies new consistency relations for squeezed limits of n-point functions
in proximity of features of the spectrum. The results of these heuristic considerations will be supported by
a more rigorous analysis in section 3. Phenomenological implications are developed in section 4, where we
apply our findings to CMB µ-distortions as a probe of early universe scenarios leading to PBH formation.

A short phase of non-attractor evolution during inflation is a common ingredient of inflationary scenarios
leading to primordial black hole production [10–19]. During the non-attractor epoch, the slow-roll conditions
are violated, and the would-be decaying mode influences the dynamics of curvature fluctuations, enhancing
by several orders of magnitude the amplitude of the corresponding spectrum. Fig 1 shows a representative
plot for the enhancement of the spectrum of curvature fluctuations caused by a non-attractor phase. We
notice interesting features that are universal in single-field models of inflation:

• As first shown in [20], the spectrum towards the peak grows as function of momentum k with a power
not larger 1 than k

4.

1
Some exceptions to this conclusion can be made through a prolonged non-attractor era with ⌘c = �1 [21] (See also [22])

which can result with a growth rate of k5(ln k)2 > k4 or through multiple non-attractor phases that exhibit an almost

instantaneous transition [23].

2

1 Introduction

TO COMPLETE

Stochastic Backround

of CMB temperature fluctuations

[Renzini, Contaldi]

• [OO: To do: In somewhere appropriate, mention that it is enough focus on the scale
dependence of the bispectrum (via consistency relations) in the initial slow-roll era
to study hµT i and hµµi because we focus on scenarios where kdip lies within the scales
associated with µ-era whereas the scales around the peak are outside of it. ]

• [OO: PAPERS TO CITE: Spectral distortions as a probe of scale dependent NG discussed in [1].
µE as a probe of scale dependent bispectrum in the squeezed configuration is discussed in [2].
Imprints of tensor and mixed scalar-tensor bispectrum on the cross correlations of µX type where
X = {T,E,B} is discussed recently in [3] ]

• further papers to cite on CMB spectral distortions, stolen from [3]’s ref list: [4, 5] for connection
between mu distortion and primordial spectrum; mu-distortions and nonG: besides Pajer, also [6–9].

• for conclusions, lets talk about tensor modes

1.1 selling points

• we prove (in two ways) new consistency relations for the statistics of fluctuations around the dip.
fNL around 10 is universal.

• we discuss consequences for spectral distortions

2 Consistency relations at the dip: a heuristic approach

We start developing a heuristic, intuitive approach for characterising the statistics of curvature perturbations.
We consider single-field inflationary scenarios that include a short phase of non-slow-roll evolution, which
can lead to primordial black hole (PBH) production. We characterize the scale-dependence of the curvature
perturbation spectrum, that in turn implies new consistency relations for squeezed limits of n-point functions
in proximity of features of the spectrum. The results of these heuristic considerations will be supported by
a more rigorous analysis in section 3. Phenomenological implications are developed in section 4, where we
apply our findings to CMB µ-distortions as a probe of early universe scenarios leading to PBH formation.

A short phase of non-attractor evolution during inflation is a common ingredient of inflationary scenarios
leading to primordial black hole production [10–19]. During the non-attractor epoch, the slow-roll conditions
are violated, and the would-be decaying mode influences the dynamics of curvature fluctuations, enhancing
by several orders of magnitude the amplitude of the corresponding spectrum. Fig 1 shows a representative
plot for the enhancement of the spectrum of curvature fluctuations caused by a non-attractor phase. We
notice interesting features that are universal in single-field models of inflation:

• As first shown in [20], the spectrum towards the peak grows as function of momentum k with a power
not larger 1 than k

4.

1
Some exceptions to this conclusion can be made through a prolonged non-attractor era with ⌘c = �1 [21] (See also [22])

which can result with a growth rate of k5(ln k)2 > k4 or through multiple non-attractor phases that exhibit an almost

instantaneous transition [23].
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B. Induced SGWB anisotropies

A second source of anisotropy of the SGWB is due
to the scalar perturbations present in an inhomogeneous
universe as primordial GWs travel over cosmological dis-
tances. The e↵ect is the GW analog of the Sachs-Wolfe
e↵ect: long wavelength scalar fluctuations modulate the
GWs frequency and direction and induce anisotropies
in ⌦GW (see e.g. [17–20]). We consider the case of
scalar fluctuations that re-enter the horizon during mat-
ter domination.2 Following [17], we assume the gravita-
tional waves reenter the horizon when the universe can
be treated as a perfect fluid with p = w⇢. The induced
SGWB anisotropy (see [17, 20] for a derivation) is given
by

�
ind
GW (f, n̂) =

2

5

⇣
⌫ + 1�

nT

2

⌘
⇣L (n̂) , (12)

with ⌫ = 2/(1 + 3w) and nT the standard tensor tilt.
The overall coe�cient on the right hand side of Eq. (12)
is then expected to be of order one. This is to be com-
pared with Eq. (11), whose contribution can be signifi-
cantly larger than the induced term for large primordial
STT non-Gaussianity. Indeed, inflationary models such
as those in Section IV can support signals in excess of
FNL ⇠ 103.

In what follows we consider cross-correlation of GW
anisotropies with CMB temperature anisotropies under
the assumption that the former receives the leading con-
tribution via Eq. (11).3

III. CORRELATING ANISOTROPIES IN THE
SGWB WITH THE CMB

We now compute the cross-correlations between
the gravitational wave anisotropies and the CMB-
temperature anisotropy, focusing on the contribution due
to �

prim
GW . The starting point is given by
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(13)
where Y

⇤
`m(x̂) are spin-0 spherical harmonics, k⇤ = 2⇡f⇤,

is the short modes momentum and, for the sake of sim-
plicity, we consider a FNL that depends only on the mag-
nitude of the momenta in Eq. (8). Similarly, for temper-
ature anisotropies one has:

�T,`m = (�i)`
4⇡

5

Z
d
3
k

(2⇡)3
Y

⇤
`m(k̂)j`(k rlss)⇣(k) , (14)

2
Our conclusions do not depend qualitatively on this assumption.

See e.g. [20] for the general case.
3
Curvature fluctuations also contribute to anisotropies of the as-

trophysical SGWB: ⇣ induces matter inhomogeneities in the large

scale structure, where astrophysical GW sources are located. The

amplitude of the resulting SGWB anisotropies are at most of the

order of �indGW , see e.g. [13].

FIG. 1. Cross-correlation of the GW anisotropy with the
CMB in the Sachs-Wolfe limit. The correlation decays expo-
nentially with a characteristic scale `⇤ ⇡ 44.

where the subscript “lss” in rlss = ⌘0 � ⌘lss signals the
last scattering surface. The resulting angular cross-power
spectrum is

h�
prim
GW,`m �

⇤
T,`0m0i ⌘ �``0 �mm0C

GW�T
` = (15)

�``0 �mm0 ·
2

5⇡
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dk k

2
j`(k rlss)j`(k r⇤)FNL(k, k⇤)P⇣(k) ,

where r⇤ is the time between between today and horizon
re-entry for the tensor modes. The expression in Eq. (15)
can be further simplified under the assumptions of (i) a
scale invariant power spectrum P⇣(k) = (2⇡2

/k
3)As; (ii)

a constant value for FNL. The corresponding ` depen-
dence of CGW�T

` is represented in Fig. (1), normalised
by C

T�T
` , for the case of FNL = 1. The plot is largely

insensitive to the value of r⇤ so long as this quantity
corresponds to modes that have re-entered the horizon
during radiation era, i.e. those that are relevant both for
PTA and laser interferometers such as LISA.
It is both useful and straightforward [30] at this stage

to provide an estimate of the statistical error in the mea-
surement of the key primordial quantity FNL. Equipped
with the entries of the matrix

C` =

✓
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T�GW
`

C
T�GW
` C

GW
`

◆
, (16)

where C
TT
` = 2⇡As/[25 `(` + 1)] (in the Sachs-Wolfe

regime), and C
GW
` is the auto-correlation of GW

anisotropies, we obtain the Fisher matrix for FNL

F '

`maxX

`=`min

(2`+ 1)A2
sI
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`
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TT
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`

. (17)

I` is given by I` = (4⇡/5)
R
dk · 1/k · j`(k rlss)j`(k r⇤)

and we have assumed the Sachs-Wolfe approximation
and a noise-dominated regime, CGW

` ' N
GW
` , for GW

anisotropies. The error on FNL is simply given by �FNL =

Kinematic Doppler anisotropies

Example

Let ⌦(A)
GW(f) be isotropic at rest, depending on frequency. Define its tilts as

Expanding up to order �2
, we get a kinematic dipole, quadrupole, and modulation

of the monopole:

Induced SGWB from a lognormal P⇣: enhanced tilts where features occur

[Figures]

Useful for extracting cosmological signal from a messy astrophysical background?

Multipolar decomposition ! forecasts of the detectability of Doppler effects.

[Figures]

Anisotropies of the SGWB

E↵ects of initial conditions and propagation

Case study: Primordial GW propagation in a perturbed universe

[Alba-Maldacena, Bartolo et al, Dimastrogiovanni et al]

[Figure]

Initial conditions ! Adiabaticity conditions on ⇢GW at horizon re-entry

Effects of propagation ! compute using cosmological perturbation theory

[Formula]

Applications of Anisotropies of the SGWB

Probes of SGWB frequency dependence

GW anisotropies enhanced when ⌦GW has features as function of frequency

Example: Induced GW from log-normal peak in P⇣

h�`m�`0m0i = �``0�mm0 C�
`

CGW
` = (4� n⌦)

2 C�
`

Applications of Anisotropies of the SGWB

Non-Gaussianity

[Bartolo et al]

Tensor non-Gaussianity

Problem

Solution

Scalar non-Gaussianity ) Footprints on SGWB anisotropies
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Figure 3. Left - Angular power spectrum of the GW anisotropies and their cross-correlation
with CMB-T, E. Right - Frequency dependence of the angular power spectrum, for ` = 2, for
the LISA model of table 1 (blue line) and for a flat spectrum (orange line) plotted in a frequency
range where LISA has the highest sensitivity.

polarisation anisotropies. We obtained the T and E transfer functions from CAMB
[134]. Note that the propagation anisotropies of the CGWB quantity � (Eq. (2.24)), and
consequently C

�

` , are frequency independent. In the right panel, we show the frequency
dependence of CGW

` (for ` = 2) for the LISA GW scenario and for a flat spectrum of GW
for comparison. For simplicity, we have only considered the SW contribution for GW
anisotropies, Eq. (2.24), since this is the dominant contribution on large angular scales,
and ignored the ISW term. These scales are the most relevant for the GW detectors
under consideration here since these are limited by their angular resolution `max ⇠ 15–30
[135–137]. It is worth noting that this frequency dependence of the anisotropies arises
for any SGWB that is different from a power-law (n⌦ = const.), whereas C

�

` for the
anisotropies from propagation is expected to be the same for all CGWB.

3.2.2 SNR of the anisotropies

In this section we show that the enhancement of anisotropies for a peaked spectrum
can make these anisotropies easier to detect compared to the case of a standard power-
law spectrum. A related phenomenon was recently pointed out in [138] for the case of
kinematic anisotropies. For the purpose of this comparison, we consider a flat power-law
spectrum with an amplitude such that the resulting SNR of the monopole is the same in
the LISA range. We have verified that the results for a power law with a small non-zero
spectral tilt n⌦ ⇠ O(1) are similar so we do not show them separately. We plot the SNR
for the individual multipoles in Fig. 4. Our results indicate that detecting the anisotropy
is easier for a peaked spectrum than for a flat spectrum. We see that, although the ` = 2

is detectable with a LISA-Taiji network for the peaked spectra, it is not detectable for
the flat spectra. The multipole SNR is defined as [139]

SNR2

` =

Z
df C

GW

` (f)

 
⌦GW(f)

⌦
`
GW,n(f)

!
2

, (3.13)
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Applications of Anisotropies of the SGWB

Multi-Messenger Cosmology

[Adshead et al, Dimastrogiovanni et al]

Recall: we can have �GW / ⇣

Anisotropies induced by propagation e↵ects RD and MD universe

Quadrupolar anisotropies induced by large mixed non-Gaussianity h⇣hhi
Then we can have h�TCMB

TCMB
⇣i / P⇣

[Two figures]

Anisotropies of the SGWB

Prospects of detection

One happy day we will detect the isotropic part of ⌦GW.

Then, the search of its anisotropies will become feasible

Preliminary theoretical work:

Determine response functions of given detector to �GW.

Forecast the detectability of CGW
` as function of multipole number.

[LISA CosWG]

We can set constraints on � and n⌦

Compute and try to measure 3 and higher order point functions of �GW
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Circular polarisation



Circular polarisation

2

we also provide a Mathematica notebook to enable easy calculations.1

II. GRAVITATIONAL WAVES

We begin by establishing our notation and conventions. We expand the gravitational-wave metric perturbation in
plane waves with respect to a coordinate system at rest relative to the Solar System barycenter:

hab(~x, t) =

Z 1

�1
df

Z
d
2
n̂

X

P

hP (f, n̂)eP
ab

(n̂)ei2⇡f(t�n̂·~x/c)
, (1)

where e
P

ab
is the polarization tensor. For a P = +, ⇥ polarized plane wave propagating in the n̂ direction, the

polarization tensors may be written

n̂ = (cos � sin ✓, sin � sin ✓, cos ✓) (2)

e
+
ab

(n̂) = m̂am̂b � n̂an̂b (3)

e
⇥
ab

(n̂) = m̂an̂b + n̂am̂b (4)

m̂ ⌘ (sin �, � cos �, 0) (5)

n̂ ⌘ (cos � cos ✓, sin � cos ✓, � sin ✓) (6)

so that e
P

ab
(n̂)eP

0
ab(n̂) = 2�PP 0 and m̂, n̂ are basis (Newman-Penrose) vectors that define the coordinate system in

the plane transverse to the direction of propagation.
We assume that the SGWB is Gaussian-distributed and has zero-mean so that its properties are characterized in

terms of the variance or power spectrum (i.e., the spectral density). Considering the possible polarization states, we
express the covariance in terms of Stokes parameters, as

✓
hh

⇤
+(f, n̂)h+(f 0

, n̂
0)i hh

⇤
+(f, n̂)h⇥(f 0

, n̂
0)i

hh
⇤
⇥(f, n̂)h+(f 0

, n̂
0)i hh

⇤
⇥(f, n̂)h⇥(f 0

, n̂
0)i

◆
=

1

2
�D(f � f

0)
�
(2)(n̂ � n̂

0)

4⇡

✓
I + Q U + iV

U � iV I � Q

◆
. (7)

The overall intensity, I, and circular polarization, V , are scalar quantities, and hence can be measured through the
monopole of the stochastic background; the Q and U are spin-4 quantities and hence do not contribute to an isotropic,
stochastic, background. Since we are considering the intensity of an isotropic background, for the rest of this discussion
we will take V = Q = U = 0. Note that the intensity is related to the spectral density of the SGWB,

⌦GW ⌘
d ln ⇢GW

d ln f
=

✓
4⇡

2

3H
2
0

◆
f
3
I(f). (8)

Our notation agrees with Refs. [3, 5], where a signal power is defined such that Sh(f) = I(f). We caution that in
Refs. [6–8], a signal power Sh = 2I is defined; this alternate convention is o↵set by another factor of two, elsewhere
in those references.

III. THE SIGNAL AND COVARIANCE

The measured phase di↵erence at a vertex of the interferometer, �, can be written in terms of the gravitational
response in terms of an interferometer phase at that vertex, �', as well as the noise, n,

�ABC (t) = �'ABC (t) + nABC (t). (9)

The subscript ABC indicates the signal at the interferometer consisting of arms AB and AC, as shown in Fig. 1. It
is straightforward but tedious to show that the phase di↵erence measured at that vertex is given by [5]

�'ABC (t) =

Z 1

�1
df

Z
d
2
n̂

X

P

hP (f, n̂)ei2⇡ftFP

ABC
(n̂, f ; t), (10)

1 https://doi.org/10.5281/zenodo.3341817

1 TO DO FOR COMPLETING PRESENTATION

• check shot noise story BOTH for circ and scalar . for circ cite also Sato and Enis .

for scalar Braga and Tanaka

•

2 Points to make

• Exploit it to probe interesting physics

– Kinematic anisotropies

– Circular Polarization

– New method to detect modified gravity e↵ects

– HD controls the response of two-pulsar system to GW intensity

Analytical treatment of well-motivated

extensions of HD

Geometrical understanding

of response of astro system

to GW properties

Analytical formulas

make Fisher forecasts/simulations

easier to carry on

�ab = �(0)
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• Astro backgrounds characterized by circular polarization [Valbusa Dall’Armi et al]

PTA

Response function

Intensity

Circular polarization

Very large covariance matrixes

Analytical formulas for K essential

to handle Fisher forecasts
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c ' 10�3 relative velocity
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But also induced by GW propagation through cosmic structure
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Circular polarisation

Cosmological sources e.g. GW from axion-gauge fields [Unal et al. 2023 + more]


PTA blind to circular polarisation monopole — planar detector

1 Points to make

• Exploit it to probe interesting physics

– Kinematic anisotropies

– Parity violation

– New method to detect scalar polarization

• Astro backgrounds characterized by circular polarization [Valbusa Dall’Armi et al]

2 Stochastic gravitational wave background

3 Future of our universe

4 of Cosmology

Ivonne Ameek Bill Saba Alisha Aya Marisol Giulia

5 At Swansea

Theory

Experiments

in cosmology

• Cosmology, Astronomy, Astrophysics courses

• Student Projects

I Several astrophysical and cosmological phenomena predict the existence of a

stochastic background of gravitational waves (SGWB)

– Astro: Merging of compact binaries in various range masses . . .

– Cosmo: Cosmological inflation, cosmic strings, phase transitions . . .

I Tasks

– Detect it with su�ciently high significance

– Find methods for distinguishing among di↵erent sources

This talk: SGWB anisotropies

then a couple of slides with figs on freq dep

[Moore et al]
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Circular polarisation

�ab = �(0)
ab + � (nI � 1)�(1)

ab

with

nI =
d ln I(f)

d ln f

• Astro backgrounds characterized by circular polarization [Valbusa Dall’Armi et al]

PTA

Response function

Intensity

Circular polarization

Analytical formulas

especially important

Very large covariance matrixes

Analytical formulas for K essential

to handle Fisher forecasts

HD

� = v
c ' 10�3 relative velocity

Correction to HD

But also induced by GW propagation through cosmic structure

[Garo↵olo], [Takeda et al]

3 Tests of modified gravity

BT

BS

Bispectrum:

astro generated by non-linear distribution of sources

cosmo non-linear effects from early-universe sources

Well-defined, ambitious target

I Related with shot-noise [Jenkins-Mairi, SatoPolito et al, Belgacem et al]

as well as propagation through cosmic structures [Cusin et al]

– 3 –
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Circular polarisation

Cosmological sources e.g. GW from axion-gauge fields [Unal et al. 2023 + more]


PTA blind to circular polarisation monopole — planar detector
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Figure 1: Left: the magnitude of the PTA response function G(1)
ab to kinematic dipole

anisotropies in circular polarization, see eq (2.22). We fix the velocity vector v̂ along the the
direction measured by the CMB (v̂ and �v̂ are denoted by red and yellow stars respectively). We
plot the response as a function of the positions of a pair of pulsars, with one pulsar fixed to a
direction perpendicular to v̂ (green star). Right: the dipole response as a function of the angle
between the pulsars, without including the v̂ · (x̂a ⇥ x̂b) factor in eq (2.22).

in frequency of PTA measurements 50 yr�1
⇠ 10�6 Hz. Hence, we typically work in a regime

where (ftA, ftB, f�tAB) ⇠ O(1). Consequently, the oscillating functions in the integrand of

eq (2.10) are expected to give order one factors, and will be neglected in the definition of the

two-point function passing from (2.10) to (2.15). See e.g. [79], chapter 23.

While so far our formulas are general, we now focus on kinematic anisotropies, following the

treatment of [30, 69]. Our motion with velocity ~v = �v̂ with respect to the SGWB rest frame,

induces kinematic anisotropies in intensity I and circular polarization V . They are expressed as

I(f, n̂)

Ī(f)
= D

Ī(D f)

Ī(f)
,

V (f, n̂)

V̄ (f)
= D

V̄ (D f)

V̄ (f)
, (2.16)

with

D =

p
1 � �2

1 � �n̂ · v̂
, (2.17)

where n̂ is the GW direction, and v̂ the relative velocity among frames. Since in this and the

next section we are assuming a cosmological origin for the SGWB, we expect � to be of the

same order of the value measured by cosmic microwave background: � = 1.2 ⇥ 10�3 [64–68].

With � being small, we can expand both quantities in (2.16) at first order in �, and plug the

resulting expressions in the response functions of eqs (2.13), (2.14). In this way, we determine

the PTA response to the kinematic dipole in intensity and in circular polarization. Defining

nI = d ln Ī(f)/d ln f , nV = d ln V̄ (f)/d ln f , we obtain

�I
ab = �(0)

ab + � (nI � 1) �(1)
ab , (2.18)

�V
ab = � (nV � 1) G(1)

ab , (2.19)

with

�(0)
ab =

1

3
�

yab
6

+ yab ln yab , (2.20)
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1 TO DO FOR COMPLETING PRESENTATION

• check shot noise story BOTH for circ and scalar . for circ cite also Sato and Enis .

for scalar Braga and Tanaka

•

Fully covariant formulas

Easier to understand intuitively

and helpful for Fisher forecasts

2 Points to make

I Also sensitive to the frequency profile of ⌦GW(f).

• Exploit it to probe interesting physics

– Kinematic anisotropies

– Circular Polarization

– New method to detect modified gravity e↵ects

– HD controls the response of two-pulsar system to GW intensity

Analytical treatment of well-motivated

extensions of HD

Geometrical understanding

of response of astro system

to GW properties

Enhanced when pulsars locations along ~v

Enhanced when pulsars locations orthogonal ~v

Sensitivity to

intensity

Kinematic dipole

ML techniques needed

to fully exploit data sets

(small parenthesis on the e↵ect of frequency profile of intensity)
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Idealised scenario with  identical pulsars distributed uniformly


We make several simplifying assumptions —> most optimistic estimate

N ≫ 100

Forecasts: SKA era

Galactic

[Keane et al. (2015), Janssen et al. (2015)]
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Circular polarisation

0 1 2
‘V

‘V = 1.00± 0.49

Near maximal polarisation may be detected with SKA (  )Npsr ≳ 103
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Unconstrained by current data 
(again for cosmo SGWB)

ϵV =
V
I

Degree of circular polarisation

10�8
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Figure 9: Left: Estimate of SMBHB intensity anisotropy from NG15, taken from fig. 11 of [51],
the shaded region denotes the 68% C.L of the estimate. The C` are normalized to the monopole
of the intensity, C0. Right: the circular polarization SNR as a function of `max for ✏V = 1 and
Npsr = 150.

polarization will be detected in future datasets, working in the same idealized framework of

section 4. We assume that the angular power spectra of circular polarization CV
` (f) scale with

` and f in the same manner as the intensity, i.e.

CV
` (f) = ✏2V C`(f) , (5.1)

with |✏V | = (AV /AI)2 < 1. We assume that the C` are independent of `, as found in [20, 51].

We calculate the minimum amplitude |✏V | allowing for a detection of circular polarization, for

which we assume a SNR threshold SNRV = 5. The SNR (at a given frequency) can be expressed

as [58]

[SNRV
f ]2 = V (f, n̂) · Ff (n̂, n̂0) · V (f, n̂0) . (5.2)

Expanding the the polarization map and the Fisher matrix in spherical harmonics,

V (f, n̂) =
X

`m

v`mY`m(n̂), hv`mv⇤`0m0i ⌘ CV
` (f)�``0�mm0 , (5.3)

the expected value of the SNR2 becomes

[SNRV
f ]2 =

2T�f

(4⇡f�)4
Npair

`maxX

`>0

(2` + 1)CV
` (f)

F
V
`

4⇡
. (5.4)

The total SNR is obtained by summing over frequencies

[SNRV
tot]

2 =
X

f

[SNRV
f ]2 . (5.5)

Our results are summarized in Fig. 9, where we plot the SNR of eq. (5.5) as a function

of the maximum multipole `max, for ✏V = 1. In this case of maximal circular polarization of

the AGWB anisotropies, we find that even 150 pulsars with the selected noise properties may

be enough to detect the astrophysical SGWB circular polarization. The much smaller number

20

12 Example: scalar induced GW

Amplification of primordial GW induced by a peak in the curvature perturbation spectrum.

Resonance

)

[Ananda et al, Baumann et al, Saito-Yokoyama,. . . ]

13 First task: develop theory

(for general anisotropies)
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1 TO DO FOR COMPLETING PRESENTATION

• check shot noise story BOTH for circ and scalar . for circ cite also Sato and Enis .

for scalar Braga and Tanaka

•

Fully covariant formulas

Easier to understand intuitively

and helpful for Fisher forecasts

2 Points to make

I Also sensitive to the frequency profile of ⌦GW(f).

• Exploit it to probe interesting physics

– Kinematic anisotropies

– Circular Polarization

– New method to detect modified gravity e↵ects

– HD controls the response of two-pulsar system to GW intensity

Analytical treatment of well-motivated

extensions of HD

Geometrical understanding

of response of astro system

to GW properties

Enhanced when pulsars locations along ~v

Enhanced when pulsars locations orthogonal ~v

...or with the help of astrometry [in prep]

Sensitivity to

intensity

Kinematic dipole

ML techniques needed

to fully exploit data sets
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Conclusions

- Frequency dependence

- Anisotropies

- Circular polarization

I discussed three topics towards characterisation SGWB:

Experimentally challenging to measure, but   
if successful will be very useful for deciding if 

Signal is primordial or not

Figure A3. A plot of the dimensionless energy density in GWs against frequency for a
variety of detectors and sources.

Figure A2. A plot of the square root of PSD against frequency for a variety of detectors
and sources.

Class. Quantum Grav. 32 (2015) 015014 C J Moore et al

22


